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1 Introduction

In 1911 Heike Kamerlingh Onnes examining the temperature dependence of
the resistivity of mercury at low temperatures noticed that the resistivity
is suddenly reduced by �ve orders of magnitude when the sample is cooled
below 4.2K (1.1) [1]. Later it was found that other metals can also show a
similar decrease in resistance at su�ciently low temperature, and at this low
temperature the electrical resistivity can be considered zero. The physical
state is soon was named superconductor state.

Another important characteristic of superconductors, the perfect diamag-
netism was discovered relatively late, in 1933, by Walter Meissner and Robert
Ochsenfeld [2]. Magnetic �eld is expelled from a superconductor when it is
below its critical temperature.

The superconductor expels the magnetic �eld, resulting in magnetic in-
duction vector zero (B = 0) inside the superconducting material. A super-
conducting sample repels the magnet. If the magnet is strong enough, it will
levitate over the superconductor. This can be seen in Figure 1.2.

The phenomenon of superconductivity in both basic research and the
potential practical applications is very interesting in terms of the area of
solid state physics.

The phenomenon of superconductivity is very interesting area of solid
state physics not only in basic research but regarding practical applications.

To detect the Meissner e�ect experimentally there is no need to cre-
ate contacts on the sample, moreover if the sample contains areas that are
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Figure 1.1: The change in resistivity of mercury around 4.2 K.

not superconducting, the Meissner e�ect is still detectable. Using resistance
measurement zero value can only be measured in case if there is contiguous
superconducting ranges between the contacts. That is why we shall observe
the �normal� to superconducting phase transition via susceptibility determi-
nation during the laboratory measurement.

2 The phenomenon of superconductivity

2.1 Overview

Thermal vibrations of metal's ion cores cause dispersion, and lattice defects
also act as scattering centers both making the crystal lattice imperfect. The
resistance of materials arises from such scattering of electrons in the conduc-
tor. The simpli�ed solid state theory of absolute zero temperature would
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Figure 1.2: Cube-shaped magnet levitates by liquid nitrogen cooled high-
temperature superconductor.

give zero resistance, however the expectation of scientists was that lattice
imperfections, still at T = 0 K, cause �nite resistance. Kamerlingh Onnes
wanted to determine this residual resistance when he discovered supercon-
ductivity. Superconductivity is not a rare property, a number of elements
and alloys turn into superconductor at su�ciently low temperature. Surpris-
ingly the best superconductors are not good metals, but the less good. At
high pressures even some nonmetallic materials become also superconductor.
In contrast, among good conductors only aluminum becomes superconduc-
tor, but only at very low temperature. The highest critical temperature
23 K was found in the �A15� intermetallic alloys family in 1973 (Nb3Ge,
Tc ∼ 23.2 K), until copper-oxide oxide materials were discovered in 1984.
Moreover such unusual materials like SNx polymers are superconductors. At
that time, however, all attempts were failed to further �raise� of the critical
temperature.

The superconducting properties only appear below the characteristic crit-
ical temperature (Tc) of the sample. Since this temperature is often less than
10 K in the case of elements, examination of superconductivity does require
low temperatures. For practical applications higher critical temperature ma-
terials are useful, so in parallel with the research of superconductivity the
search for new materials continued.

Most of the theoretical considerations predicted that �nding material hav-
ing elevated critical temperature is hopeless. Unexpectedly 40 K, then nearly
100 K, �nally around 130 K transition temperature materials have been
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found. The results of Georg Bednorz and Alexander Müller in 1986 [3], the
discovery of copper oxide based (cuprate) superconductors, caused great sur-
prise, despite the fact that oxide superconductors (e.g. BaPb1−XBiXO3,
Tc ∼ 13 K) have been known before the discovery. The critical temperature
of these older type oxide superconductors was lower than the intermetallic
alloys had, so few people thought that in the family of ceramic materials
high-temperature superconductors can be found. The subsequent thorough
examination of cuprate superconductor materials proved that examinations
were not performed at enough low temperatures.

Since the discovery of high-temperature superconductors these materi-
als have still been in the focus of solid state physicist's interest. Primarily
because their applications promise great economic advantage. Nowadays
the theoretical challenge is big because both magnetism and superconduc-
tivity can be described by strong electron-electron interactions and in high-
temperature superconductors both, closely related, phenomena can be found.
It turned out that many observed phenomena do not �t into the framework
of the existing theory, and encourage the search of new paths.

The currently known highest transition temperature at atmospheric pres-
sure is 138 K, which is still a low temperature, but well above the boiling
point of nitrogen. This may be important, because it is relatively inexpensive
to manufacture liquid nitrogen (it is the by-product of oxygen production).
Liquid nitrogen can be produced on site avoiding some of the problems (for
example, the air plug which is generated when liquid helium is transported
by a pipeline). Many other cuprate superconductor has been discovered
since, and the theory of superconductivity of these materials is still one of
the largest and most prominent challenge of theoretical physics of condensed
matter.

2.2 Ceramic high-temperature superconductors

The ABO3 composition perovskites (where A and B are metals, see 1.3) are
closely related to the description of the high-temperature superconductors,
because these compounds can be described as a distorted, oxygen-de�cient,
multilayer perovskite structure. An important feature of the crystal structure
is the CuO2 layers alternating with various other layers because supercon-
ductivity is created between the copper oxide layers. The more CuO2 layers
are contained in the ceramic, the higher the Tc is.

This structure is responsible for the high anisotropy of normal conduc-
tivity and superconductivity. Conductivity is much higher parallel to the
copper oxide planes than in perpendicular direction, because the electricity
is conducted by the holes created on oxygen atoms of the CuO2 plain. The
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Figure 1.3: The spatial structure of ABO3 perovskite

critical temperature is usually dependent on the chemical composition, on
the replacement of cations, and on the oxygen content.

One has to mention here the embedded superlattice structures, which are
situated between spacer atomic layers. This material architecture is made of
�metallic heterostructures at the atomic limit� [4]. These are superlattices of
superconducting units (layers, stripes, wires, spheres or balls) separated by
an intercalated material and leads to the so-called multi-band and multigap
superconductivity.

The highest con�rmed, ambient-pressure Tc is 135 K, achieved in 1993
with the layered cuprate HgBa2Ca2Cu3O8+x superconductor [5] (at the time
of preparing this manuscript).

The crystal structure of YBCO

The �rst discovered superconductor having critical temperature above the
boiling point of liquid nitrogen (Tc > 77 K) was the yttrium barium copper
oxide (Y Ba2Cu3O7−x). (The production of clean phase (x = 0) is only pos-
sible in special circumstances. In most cases the mixture of x = 0 and x = 1
phases are created, but only the x = 0 is the superconducting phase. Such a
mixture will be tested during this measurement.) Whereas the molar ratio of
the three metal component is 1:2:3, this particular material is often referred
as 123 superconductor, but the most common name is YBCO. The unit cell
of the Y Ba2Cu3O7 includes three elementary pseudo cubic perovskite cell.
In each center of the perovskite cell there is either Y or Ba atom: Y is in
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Figure 1.4: The lattice structure of Y Ba2Cu3O7

the middle pseudo cubic cell and Ba is in the lower and upper one, so in
the direction of the c-axis Ba and Y atoms are lined up [Ba − Y − Ba].
In each unit cell the vertex positions are occupied by a copper atom having
two di�erent oxygen coordination Cu(1) and Cu(2). The oxygen atoms oc-
cupy four crystallographic site: O(1), O(2), O(3) and O(4). [6] The Y and
Ba atoms with respect to the oxygen coordination polyhedra are di�erent.
Three perovskite cell contain nine oxygen atoms, but there are only seven
oxygen atoms in the YBCO, so it is called oxygen-de�cient perovskite struc-
ture. Some of the O atoms are missing from the Y plane, only 8 of them can
be found instead of the 12 which have the ideal perovskite structure. The
structure also can be imagined as a series of stacked di�erent layers: (CuO)
(BaO) (CuO2) (Y ) (CuO2) (BaO) (CuO). The main characteristic of the
crystal structure that two CuO2 layers plane is present in the YBCO super-
conductor. The Y plane serves as a spacer between the two CuO2 planes. In
the YBCO the Cu − O chains play an important role in superconductivity.



CHAPTER 1. THE MEISSNER EFFECT (ZOLTÁN DANKHÁZI) 7

Tc is maximal (nearly 92 K) if x ∼ 0.15 and the structure is orthorhombic.
By increasing x at x ∼ 0.6 the superconductivity disappears, which coincides
with the structural transformation of YBCO. At this O content the material
structure will be tetragonal instead of orthorhombic [7].

2.3 Superconductivity and absolute zero resistance

The superconducting state in magnetic �eld could be achieved in two ways:
one method is that the material is cooled from zero magnetic �eld state below
the critical temperature, and then turning on the magnetic �eld; the other
method is to switch on the �eld �rst, and to cool down the material after.

The following theoretical experiment can help us to illuminate the Meiss-
ner e�ect signi�cance: Using two samples, one let to be superconductor, the
other is �ideal conductor (a material, exists only in theory, that is not su-
perconductor, but below the critical temperature has zero resistance). Let
to place both sample to zero magnetic �eld over Tc, then cool down them
below the critical temperature. By switching the magnetic �eld on, induced
currents are generated in the samples because the law of classical electro-
dynamics: magnetic �eld varying in time induces an electric �eld. The so
induced currents, according to Lenz's law, is always such that it will oppose
the change which produced it. This means that on the surface of sample
current loops generated which prevent the magnetic �eld from penetrating
inside the sample. (Such induced currents are generated in normal conduc-
tive material by switching on the magnetic �eld, but they disappear quickly
because of the material ohmic resistance. This phenomenon can be observed
in the lab measurement setup as well.) In our case, the sample supra- or
ideal conductor, ie both has zero resistance, thus the induced current will
never drops. This leads that the magnetic �eld can not penetrate into the
sample.

If another mode is selected, and the magnetic �eld is switched on in
the normal state of the samples, the induced currents disappear quickly,
and the magnetic �eld penetrates into the samples. If than they are cooled
down below Tc, they become super- or ideal conductor, however, the classical
electrodynamics does not predict any change regarding the magnetic �eld.

That is, compared with the previous case, when both sample pushed out
the magnetic �eld, now in the ideal conductor will be a magnetic �eld, while
the superconductor force it out accordingly to the Meissner e�ect, however in
both cases the samples were in the same circumstances: same size, external
temperature and magnetic �eld.

If then the magnetic �eld is turned o� around both of the samples, in the
case of superconductor the magnetic �eld ceases everywhere, but for ideal
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Figure 1.5: Changes in the magnetic �eld around the critical temperature. a)
superconductor; b) ideal conductor.

conductor the induced currents do not allow the change of the magnetic �eld
which remain inside. This means that the magnetic �eld is �trapped, the ideal
conductor behave as if it were a permanent magnet. The phases of the two
paths of this theoretical experiment can be followed in Figures 1.5.

From this theoretical experiment one can conclude that the Meissner
e�ect does not follow from zero resistance.

According to experiments the superconductor behaves similarly whether
it is �rst cooled down and then the magnetic �eld is switched on, or inversely.
The induction is always zero inside of the superconductor under Tc. (This
does not apply to very thin samples. Indeed, if the sample is thinner than
the surface layer, in which the shielding current �ows, the magnetic �eld does
not forced out completely.)
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2.4 Phenomenological description

From the foregoing it's clear that the diamagnetism does not follow the zero
resistance, but vice versa it is true. None of the classical electrodynamic's
laws can give answer so obvious that Maxwell's equations must be supple-
mented. In 1935 the London brothers (Fritz and Heinz) constituted two
equations [8] describing phenomenologicaly the superconducting state. The
�rst equation gives the zero resistance, the second one describes the zero
induction inside of the superconductor. It is important to note the funda-
mental recognition of the London brothers was that a constant magnetic �eld
generates electric �eld as well. According to Maxwell's equations constant
current cause magnetic �eld, but constant magnetic �eld does not create elec-
tric �eld, to be so the change of the magnetic �eld is required. Symmetrical
relationship between the constant current and magnetic �eld suggests that
superconducting is the fundamental state of solid, and the usual conduction
with resistance is complex, which can be attributed to the high temperatures.

Following the London brothers train of thought, consider a zero resistance
conductor! The following equation expresses the fact that in this material,
electrons are free to move in an electric �eld without the presence of atten-
uation:

m
dv

dt
= eE, (1.1)

where m is the mass of the electron, and e is it's charge. Because j = env,
where n is the density of electrons conducting by zero resistance, so

∂

∂t
j =

ne2

m
E. (1.2)

Using this equation with the

rotE = −∂B
∂t

(1.3)

Maxwell's equations, the following relationship is obtained:

∂

∂t

(
rot j +

ne2

m
B

)
= 0. (1.4)

This equation determines the current and spatial distribution inside of the
ideal conductor. To get the result the Maxwell equations is needed:

rotB = µ0j (1.5)

where the displacement current is omitted.
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Note that any time independent B- és j distribution satis�es the equa-
tion 1.4 those for which the magnetic �eld is non-zero inside the material.
This contradicts the observation, but if it is required not only to be time
independent the solutions are, but also that

rot j +
ne2

m
B = 0, (1.6)

then the Meissner e�ect is described. The above equation is called the London
equation. It should be emphasized that this is a purely phenomenological
equations, the abandonment by intuition the time derivation from 1.4 is not
supported by any physical model. From equation 1.5 and 1.6 can be derived
the following equations:

∇2B +
ne2µ0

m
B = 0 ∇2j +

ne2µ0

m
j = 0. (1.7)

The solutions of 1.7 equation using simple boundary conditions are under
the form of:

B = B0 exp(−χ
Λ

) j = j0e
−χ/Λ. (1.8)

From the solutions could be seen that in the superconductor B and j is
limited to a Λ thick surface layer, where:

Λ =

√
m

ne2µ0

. (1.9)

Λ called penetration depth, its size in conventional superconductors is 10-
100 µm, really thin surface layer. The London equation signi�cance lies in
that the penetration depths are in good agreement with values obtained from
measurements taken on thin samples.

2.5 Quantum mechanical explanation

According to the laws of quantum mechanics free gas particles can have only
well-de�ned energy states in a �nite size closed box. In thermal equilibrium
the particles �ll the di�erent energy states with temperature-dependent prob-
ability. The particles are indistinguishable, so the average occupancy of the
states is given by the Bose�Einstein or Fermi�Dirac statistics, contrary to
the classical one (the average energy is proportional to temperature).

At any energy level could be any number of particles if the spin of the
particles are 1. Such systems are called Bose�type systems, and the particles
are bosons. As the temperature is reduced less and less particle have high
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energy. Arriving to the absolute zero degree each particle reach the lowest
energy state. If the number of particles is large enough many of them can
have ground state energy at experimentally accessible temperature. This is
the so called a Bose�Einstein condensation.

However, if the spin of particles is 1
2
multiple of an odd number, because

of the Pauli exclusion principle, the number of particle at any state is limited
to just only one. If the energy level is spin independent, then at all level can
be maximum two particles. At �nite temperature the Fermi�Dirac statistics
determines the average energy level occupancy. These systems are called
Fermi�type systems, and the particles are fermions. Despite reducing the
temperature, all particles never be placed into the lowest energy level. The
particles �ll the lowest energy states that all of them get exactly two with
opposite spin. Therefore there are high energy particles in the system at
T = 0 K.

In fact, all metals can be considered as a Fermi gas. The metallic solid
states can be regarded as a lattice formed by ions whit a large number of
electrons moving almost freely in that, of course, always complying with the
Pauli exclusion principle. Therefore, the behavior of the metals at room
temperature could be understood only by taking into account the quantum-
mechanical principles.

The quantum mechanical objects are described by waves and that wave
belongs phase. If two parts of a wave move on di�erent path, after it's
meeting interference occurs. Let's take a ring and pass through current from
the opposite points. If the electron wave splits and then it meet again,
interference is created. If there are magnetic �eld line inside of the ring the
interference is clearly visible, because the magnetic �eld causes phase shift
between the two sides, even if the electrons inside the ring does not feel the
magnetic �eld. Increasing the magnetic �eld the current varies regularly,
this is the Aharonov�Bohm e�ect. It is di�cult to perform this experiment,
because low temperature and very small ring must be used for observing.

Same experiment can be done with superconductor inserting a Josephson
junction in both branches of the ring. (The Josephson junction is explained
later.) The e�ect works with much larger ring! In this case the whole su-
perconducting sample is characterized by a single phase, which belongs not
only to individual electrons. From the current oscillations frequency can be
also calculated that the power does not carry by individual electrons, instead
charge carriers have double of electron charge. Consistent results performed
from the superconducting Hall e�ect measurements.

Accordingly, the electrons arrange in pairs. To understand what happens
with electrons in superconducting state, consider an electron moving in the
crystal: whit it's motion it may oscillate the ion core charge, creating a wave.
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This wave is a quantum mechanical quasi-particle the phonon. The electron
give rise to such particle, phonon, and the generation of phonon changes
the state of the electron. Another electron feels the oscillating lattice and
absorbing the phonon, and therefore also changes its state. Thus the two
electrons in�uence each other's states with the coupling of the grid.

If the interaction is strong enough, and the two electrons have oppo-
site spin (otherwise they have the same quantum state), they can turn into
bounded pair. This is the Cooper pair. This pair is a whole spin particle
boson so it is not subject to the Pauli exclusion principle. Up to all electrons
of the system can be condensed to ground state boundig to pairs. Assuming
this John Bardeen, Leon Cooper and Richard Schrie�er developed the theory
of superconductivity [9]. The condensation can be best observed in the quan-
tum tunnelling e�ect: if a thin insulating layer located between two metals,
the electron may tunnel through this insulator from one side to another even
it has not enough energy (in classical sense) to pass the gap. Since both
sides of the wave function penetrating into the insulator the electron can go
through the gap from one side to the other. Because of the Pauli exclusion
principle, only a limited number of electron can tunnells, because on the
other side there are mostly �lled states. If external �eld shifts the potential
between the two sides, some electrons have empty state on the other side
where it can tunnel, therefore current will �ow. In contrast the Cooper pairs
(that is boson, thus not subject to the Pauli exclusion principle) may tunnel
the gap even if the potentials are not shifted, i.e. using superconducting lay-
ers quantum tunnelling current �ows despite there is no external potential
between the two sides. This is the above mentioned Josephson e�ect [10].
Multitude of pairs formed in superconducting state behave like macroscopic
quantum object. The special layer structure where a thin insulating layer is
placed between two superconductor called Josephson junction.

During the Meissner e�ect investigation we can see that the transition
from normal to superconducting state is a reversible thermodynamic change.
Before the discovery of the perfect diamagnetism already suspected that su-
perconductivity can be described by the equations of thermodynamics. The
energy di�erence between the normal and superconducting state can be mea-
sured by the excluded magnetic �eld. The normal-superconducting phase
transitions can be studying by thermodynamics. This theory lead to the dis-
covery that between the superconducting and normal electron state's must
be an energy gap.
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2.6 The use of superconductors

As aforesaid layout with two parallel-connected Josephson junction is used
to measure extremely small changes of the magnetic �eld. This is the SQUID
(Superconducting Quantum Interference Device) instrument core. This de-
vice is suitable for measuring 109 times lower magnetic �elds than the earth's
magnetic �eld. In addition to physical laboratory usage SQUID is important
in modern metrology instrumentation, medical and military applications are
also possible. There are concepts and experimental results about microchips
containing Josephson junction to build extremely fast computers (several
orders of magnitude faster than today's ones).

Most basic application of superconducting wire is to use as electrical
wire without resistance because there is no power loss, so the wire is not
warming at all. However, superconductor power line should be only used if
the cost of energy needed for cooling is less than the continuous dissipation
of a traditional power line system. It is also possible to store energy in
superconducting rings and, if necessary, return it to the power lines.

It is possible that in the near future superconducting generators will pro-
duce electricity. Today's most common application exploits that in super-
conducting coils the high-intensity magnetic �eld can be controlled well. It
is used for NMR equipment in the range of 10 − 20 T magnetic �eld, and
high-speed trains exploiting the principle of magnetic levitation are in exper-
imental stage. The induced electric repulsion between the magnetic �eld of
track-based coils and the superconductors placed on wagons is so great that
the train glides ��oating� above the track without friction.

Superconducting magnets are used in large particle accelerators (e.g.
RHIC in Brookhaven, CERN's Large Hadron Collider) as well.

Finally, here is a list of �ve Nobel prizes for outstanding results achieved
in the superconductor research up to now:

� 1913: Heike Kamerlingh Onnes (1853-1926): �for his investigations on
the properties of matter at low temperatures which led, inter alia, to
the production of liquid helium� [11];

� 1972: John Bardeen (1908-1991), Leon Neil Cooper (1930-) and John
Robert Schrie�er (1931-): �for their jointly developed theory of super-
conductivity, usually called the BCS-theory� [12];

� 1973: Leo Esaki (1925-), Ivar Giaever (1929-) and Brian David Joseph-
son (1940-): �for their experimental discoveries regarding tunneling
phenomena in semiconductors and superconductors, respectively� and
the other half to Brian David Josephson �for his theoretical predictions
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of the properties of a supercurrent through a tunnel barrier, in par-
ticular those phenomena which are generally known as the Josephson
e�ects� [13];

� 1987: Johannes Georg Bednorz (1950-) and Karl Alexander Müller
(1927-): �for their important break-through in the discovery of super-
conductivity in ceramic materials� [14];

� 2003: Alexei Alexeyevich Abrikosov (1928-), Vitaly Lazarevich Ginzburg
(1916-2009) and Anthony James Leggett (1938-): �for pioneering con-
tributions to the theory of superconductors and super�uids� [15].

3 The method of measurement

The superconductor formally can be described as an ideal diamagnet. The
phase transition of the sample was monitored by measuring the susceptibility-
temperature dependence. The experimental arrangement is schematically
illustrated in Figure 1.6.

This is a special AC bridge which permits to measure susceptibility. To
achieve higher sensitivity and to eliminate the systematic error of thermal
expansion two pairs of coils are used, one is for the sample and the other
left empty. The excitation of primary coils and the lock-in reference signal
is a sinusoidal output of a function generator. Between the coils, at the
middle of the Te�on probe locates the platinum resistance, which measures
the temperature of the head. Data collection is controlled by a computer.
It controls the digital multimeter and the four Morse (switch) reed relay
(scanner). These relay switches the signal of the platinum thermometer and
the lock-in analog output alternately to the digital multimeter inputs. Since
the measurement happens in time but the measured function ( U(T ) ) is
not a direct function of time, the measuring program reads an endless cycle
of related temperature-voltage pairs with attention of the export conditions
and user interventions.

3.1 Principle of the measurement

In case of weak �elds the magnetization and the magnetic �eld are in linear
relationship:

M = χH, (1.10)

where M is the magnetization, H is the magnetic �eld and χ is the suscepti-
bility of the sample. The relationship between magnetization, magnetic �eld
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Figure 1.6: The outline of measurement. M: Measuring coils; R: Reference
coils; E: Excitation coils; P: Platinum thermometer

and induction (B) is:

B = µ0(H +M) = µ0(1 + χ)H, (1.11)

The AC current I with frequency f on the n pitches (number of turns per
unit length [n] = 1/m) primary coil induce magnetic �eld, which is:

H = nI sin(2πft). (1.12)

As a result, according to the law of Faraday the induced voltage in the
secondary coil having A cross section, l length and m pitches:

U0 =
dΦ

dt
= −mAldB

dt
= −mAlµ0

dH

dt
. (1.13)

If there is a sample of volume Vm, susceptibility χ in the coil, then

U = µ0m(V − Vm)
dH

dt
+ µ0mVm(1 + χ)

dH

dt
= U0 + µ0mχVm

dH

dt
, (1.14)
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where V is the coil volume (V = Al). This means that:

∆U = µ0mχVm
dH

dt
. (1.15)

Dividing equation 1.15 by equation 1.13 one gets the following simple formula:

∆U

U0

= −χVm
V

(1.16)

From this equation χ can be easily determined. The special beauty of this
equation is that it simply contain measurable quantities.

As the illustration shows, two pairs of coils are used. These coil pairs
are identical, so both of them measure the same induced voltage. During the
measurement, the sample is placed into one of the coil pair, the other remains
empty, which is used as a reference. The two signals di�erence obtained by
the di�erential ampli�er. It allows the sensitive detection of the di�erence
signal (∆U), since the change is relative to zero. Reference coil is required,
because the volume of the coil changes approximately 6% due to the thermal
expansion while the system cools down from room temperature to the boiling
point of nitrogen causing systematic error. This error can be drop out using
the reference coil.

3.2 Theoretical description of lock-in technique

Accurate measurement of low-level, slowly changing signal is limited because
of noises, disturbances and distortions occurring in the measurement equip-
ment. With usual devices (eg. digital voltmeter) the noisy or electrical
network disruption loaded input signal can not be separated from the unde-
sired background what is measured with it. The problem is that the ampli�er
is not only amplify the signal, but the noise too. Attention should be paid
to the sensitivity of the measuring ampli�er which is limited by its own in-
put noise. Apart from external noise sources, the ampli�er internal noise is
expected from di�erent sources, which of them the most signi�cant is the
thermal noise (Johnson noise). In each resistive conductor at temperature T
collisions of electrons (or other carriers) creates random noise with a value
can be derived from Planck's radiation law:

UZ =
√

4kTRB, (1.17)

where k is the Boltzmann constant, T is the temperature of the resistance R
and B is the bandwidth. The thermal noise still occurs and is characterized
by frequency independence, that it has the same amplitude from DC to the
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possible highest frequencies. Since it occurs in each circuit, hence its presence
limits the available sensitivity.

In our case, the measured signal resolution should be at least Uj ∼ 5 nV .
To achieve UjA = 5 mV desired signal, using A = 1000-fold ampli�ca-
tion the level of background noise is Unoise = Uz0A

√
B ∼ 3 mV assuming

Unoise = Uz0A
√
B ∼ 3 mV input noise. From this calculation it is clear that

the signal/noise ratio signi�cantly improve when the ampli�er bandwidth is
reduced. If one chooses the extreme case to amplify only a single frequency,
then a noise covered signal can be detected since the frequency is very small.
Such ampli�ers are called lock-in ampli�ers.

Using a lock-in ampli�er Uref (t) reference signal is connected to the ref-
erence input and the response signal Uj(t) is measured. Let's assume, for
simplicity, that the reference signal is purely harmonic:

Ur(t) = Ur0sin(ωr + Θr), (1.18)

the response signal is:

Uj(t) = Uj0sin(ωjt+ Θj). (1.19)

By multiplying the two functions one gets:

Ur(t)Uj(t) =
1

2
Ur0Uj0

(
cos
(
(ωr−ωj)t+(Θr−Θj)

)
−cos

(
(ωr+ωj)t+(Θr+Θj)

))
(1.20)

The result is a sum of two harmonic function with (ωr − ωj) and (ωr + ωj)
frequencies. The long time average of them is 0, except when ωr = ωj.
Then the �rst function regardless of time is constant, and thus the average
is constant too, therefore, the output signal:

Uout(t) =
1

2
Ur0Uj0cos(Θr −Θj) (1.21)

This relationship shows that the output signal depends only on Uj0 since Ur0
is constant, and neither Θr nor Θj does not change during the measurement.
Given that Θr can be chosen arbitrarily, this phase sensitive demodulation
method can determine the AC vector components quickly and accurately
(Figure 1.7). This technique provides the ratio of in phase (UI) and perpen-
dicular (UQ) signal components, moreover the phase (Θ) can be measured.
The advantage of this method is that the noise does not falsify the measured
value, and it gives true zero level. In contrast to the usual voltmeter (witch
can detect false minimum depending on noise) the lock-in gives exact phase.
The measured signal is |UT | = |UA + UZ |. This is the so-called �multiplier
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Figure 1.7: Voltage vector schematics of the phase-sensitive demodulation.
UA: real signal; UT : noisy signal; UR: reference signal; UN : noise; UI and
UQ: the in phase and perpendicular (Quadrature) component respectively of
the real signal relative to the reference; Θ: phase

type� lock-in detector. The input signal multiplied with the reference and
the product is integrated by a low-pass �lter which eliminates the noise in
the frequency ωr + ωj. This method has the advantage that for sinusoidal
signal and reference only the ωr = ωj component gives output signal di�erent
from zero (after su�ciently long time integrating), and it also holds for ωj
harmonics. If the input signal is not sinusoidal but

U(t) =
∑
n

Un sin(nωt+ Θn) (1.22)

where Un is the amplitude of the nth harmonic of the input signal, Θn is the
phase relative to the reference voltage. The phase detector output is usually
the 1st harmonic:

Uki =
2

π
Ube cos(Θr −Θj), (1.23)

which is essentially the same as calculated in 1.21.
The above outlined detection method is essentially a special case of the

correlation measurement technique. Since both the frequency and phase of
the signal is known, the cross-correlation of them is constant regardless of
the averaging time. At the same time the random noise cross correlation
with reference signal approaches zero by increasing the averaging time.

Principle of the other type of phase detector can be seen in Figure 1.8.
The input signal a is connected to the transformer and its middle output
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gives the signal to the Morse switch. As a function of the reference signal
at point b either the in-phase or phase-inverted signal connects to point c.
This signal is integrated by the RC circuit, which is connected to the high
impedance voltmeter at point d.

This is the so-called �switching phase detector�, where the switch operates
with the signal frequency and it puts the in phase and phase-inverted signal
to the input of a �lter circuit in case of positive and negative half period
respectively (or using simple, one-way solution the signal is switched o� in the
second half period of the signal). This gating corresponds to a multiplication
of the reference signal, in which the switching signal is a square wave with
+1 and −1 amplitude having the same time period as the reference.

Figure 1.8: Block diagram of a lock-in ampli�er

To understand the operation of the lock-in ampli�er two basic scenarios
must be examined: if the frequency of the signal and the reference is di�erent
(1.9/ Figure I.) areas of the positive and negative amplitudes can be paired
and so giving zero an average for rational frequency ratios as shown in the
Figure. Easy to see that the output signal vary smoothly as a function
of frequency change, and the irrational frequency ratios are always located
between rational ones. As a consequence the output signal is zero for signals
having di�erent frequency to the reference. That is, it has output only when
both signal frequency is the same. This is the second basic case.

From waveforms in Figure 1.9/II-IV. becomes clear that the lock-in detec-
tor output voltage depends on the phase between the signal and the reference:
if the phase shift between the two signals is zero then the output signal is
maximal. Increasing the phase the output signal is reduced (ϕ =45º), then
reaching 90º degrees, the output will be zero. Further increasing the phase
the output signal reaches its minimum at 180º, and at 270º becomes zero
again.
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Figure 1.9: Lock-in a timing diagrams. I.: di�erent frequency of input and
reference signals; II-IV.: the cases of same frequency but di�erent phase of
signals

A lock-in ampli�er simpli�ed outline used for measurement is illustrated
in Figure 1.10. The measuring signal reaches a high input impedance, low-

Figure 1.10: A typical block diagram of a lock-in ampli�er. LNA: low-
noise ampli�er; BA: broadband ampli�er; RA: reference ampli�er; PS: phase
shifter; SWS: square wave shaper; DCA: DC voltage ampli�er.

noise and high common mode suppression ampli�er. Its output is connected
to a special, anti-symmetric outputs equipped, analog ampli�er. From here
signals with phase 0º or 180º get to synchronous recti�er, which is controlled
by square wave generated from the reference signal. The phase sensitively
recti�ed signal is averaged by the RC �lter, �nally the variable gain DC
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ampli�er drives the output with appropriate level.
Since the same signal is used both for detector signal and as modulation

of the e�ects to be measured, the generator signal �uctuations in frequency
or phase does not cause errors. The choice of integrating time is determined
by the change rate of the measured signal and the temporal stability of the
system. In practice the integrating circuit is one- or two-stage RC circuit
with an arbitrarily large time constant so the resulting bandwidth can be
selected as little as needed.

3.3 Procedure of the Measurement

After switching on all unit corresponding to the signal propagation sequence
we can start the adjustment. Set up a frequency of about 2 kHz with max-
imum output amplitude. (Accurate alignment is not necessary, since the
lock-in reference channel and measuring coils are connected to the same sig-
nal generator.) The integration time constant of the �lter can be obtained
by simple calculation. The most important setting is the correct selection of
the phase shift for the lock-in detector. For more accurate and convenient
work it is advised to switch the coil selection knob to activate only one coil
when only one of the coil is connected to the lock-in detector, since in this
case a higher signal can be obtained. Thereafter, changing the phase the
lock-in output level can be adjusted. Should not be ignored that the output
signal can be changed with the o�set as well.

Locating the maximum is di�cult because at that point the output signal
varies only slowly as a function of the phase and measurement range can
not be set arbitrarily small. Instead of �nding the maximum output signal
it is more practical to set it to zero, where the maximum easily available
with 90 degrees phase shift. The setting is easier by taking advantage that
180º phase rotation or transposing the + and − inputs of the di�erential
ampli�er, multiply the output signal of −1. After setting the right phase
only the �export conditions� the ∆U and T resolution should be adjusted,
using the appropriate menu of the data acquisition program.

It is important to note all the setting of the lock-in because the measured
computer signal is always in the range of ±1 V , independently of the pream-
pli�er settings, therefore need to know how the full scale corresponds to the
real amplitude.

Fill the vessel with nitrogen up to the top of it's hump, and while the
vessel is cooling down, make some test with the previously prepared samples:
place them into one and then to the other coil, and observe the lock-in signal
changing. Finally, insert the high-temperature superconducting sample to
the already used measuring coil, place the probe into the vessel and start the
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measurement!

3.4 Evaluation of test results

Figure 1.11 shows a typical measurement result. It is evident that this curve
has a hysteresis, which is due to the �nite thermal conductivity of the sample
holder. The temperature of the sample is not measured directly, but between
the two coils in the Te�on sample holder where the platinum thermometer is
placed. This geometry is necessary because the platinum is a good conductor
so placing it into the coil the eddy currents induced in it would be distorted
the measured susceptibility value. Therefore the hysteresis should be com-
pensated. The simplest method is when the two curves is shifted toward
the common center by the same distance sliding parallel to the temperature
axis, so they would be aligned. (This is the temperature average of the two
curves.) Accuracy of the shift can be checked using the time values stored in
the data �le: the cooling/warming rate (temperature change per unit time)
can be calculated from the temperature-time data pairs, and verify that upon
speed the o�set (according to the above method) gives consistent error. If
the error is greater than the statistical error, the curves shall be shifted in
proportion to the temperature changing speeds.

In next step the averaged curve can be converted to susceptibility � tem-
perature graph. (It is important not to forget about that the lock-in output
voltage can have arbitrary o�set level by its adjustment potentiometer!) This
can be corrected on the basis that the specimen susceptibility is very small
at room temperature, i.e. much smaller then the measurable value of the de-
vice. In this range the susceptibility should be considered zero, so the signal
must be shifted to zero (parallel with the susceptibility axis).

Using the transformed curve the phase transition temperature (Tc) is
determinable supposing that the temperature corresponding to 50 % of the
susceptibility is the phase transition temperature.

The width of the transformation is de�ned as the di�erence of that two
temperatures where susceptibility value is 10 % and 90 % of the reached
maximum value.

The calculated minimal susceptibility using 1.16 is not −1. The reason is
that during cooling not the whole sample becomes superconductor, so in the
formula in place of Vm the volume of the superconducting material should be
written (not the entire sample volume). Since we know that χ = −1 for the
superconducting phase and χ ∼ 0 for the non superconductive fraction the
ratio of the superconductor phase can be easily determined.

The error of ∆U can be calculated from the statistical error at the bottom
of the curve (constant part below the critical temperature), because here
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Figure 1.11: Typical temperature � voltage curve (• cooling; ◦ warming)

the susceptibility of the sample is practically constant. U0 and its error is
determined by a separate measurement. From these data, the measurement
error can be calculated.

After warming up the sample it may happen that the susceptibility value
does not return to the value achieved during cooling. The displacement of
the probe can cause vibrations forcing the sample to change its position thus
the coupling of coils changes too. In this case push back the probe with
special attention and register a second cooling/warming curve (Figure 1.11).

4 Safety Precautions

Liquid nitrogen is used for cooling. This material has a low speci�c heat
capacity and its boiling point is far away from the room temperature. Con-
tacting with objects at room temperature a vapor layer is formed between
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the liquid nitrogen and the surface, but contact with longer time or larger
amount of liquid nitrogen can cause severe burns. The air layer is not su�-
ciently e�ective in these cases. Summarily, special caution is needed to work
with liquid nitrogen!

5 Measurement tasks

In laboratory practice solve the following tasks:

1. At room temperature, set up the measuring system!

2. Measure the voltage induced on one coil! To do this, you should look
for maximum signal generated using the phase shift and the o�set.

3. Using the measured di�erential signal determine the noise!

4. Let examine how the instrument behaves on the prepared iron, copper
and aluminum samples.

5. Place the sample in one of the coil pairs! Cool the probe and using
the computer, measure the ∆U(T ) curve! The measurement should
be carried out by �rst cooling the sample relatively quickly, and then
heating it slowly. At cooled state set the lock-in sensitivity so that the
resolution should be good, but the instrument do not saturate at the
greatest ∆U value.
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