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Természettudományi Kar

Doktori értekezés
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Chapter 1

Introduction

The topic of this thesis is experimental and theoretical investigations in selected areas of

single-bubble sonoluminescence (SBSL). This topic is a continuation of the work started

by the author as an undergraduate student at the Eötvös University. The experiments

reported in the thesis were conducted at the Niels Bohr Institute in Copenhagen, while

the subsequent data-analysis, theoretical work and the writing of the thesis were done

at scattered locations including the Eötvös University, NBI, and the frequently changing

home-office of the author.

Sonoluminescence (SL) is a physical process, where the acoustic energy of sound waves

in a liquid, with wavelengths of order ≈ 10 cm, is concentrated by means of nonlinearly

oscillating gas bubbles to the extent that leads to extreme internal conditions of high pres-

sure, density, and temperature in the gas at the instants when the radii of the bubbles

are minimal. The internal temperature can reach such high values (≈ 104 K) that results

in dissociation of molecular compounds, partial ionization, and the emission of light that

is visible to the naked eye. The prefix single-bubble indicates the scenario, that involves

only one bubble, where the acoustic excitation frequency is chosen to produce standing

waves in the liquid, which can levitate the oscillating bubble. In this arrangement the

phenomenon is more controllable, can be stable for hours, which admits detailed exper-

imental investigations. It also substantially simplifies the theoretical modeling required,

thus making possible comparisons with experiments and the subsequent refinement of the

models.

The study of SBSL is motivated from academic point of view by the fact that through it

one can investigate physical processes and the properties of matter at extreme conditions,

that are hardly attainable by any other means in a laboratory. The variety of processes as-

sociated to SBSL include among others heat and mass transfer, chemical reactions, shape

oscillations and the emission of shock-waves and light. For the satisfactory understanding

of the phenomenon the knowledge of very diverse fields are required, for example hydro-

dynamics, chemical kinetics, phase-transition phenomena, theory of dynamical systems,

1



2 CHAPTER 1. INTRODUCTION

atomic, molecular and plasma-physics are all involved.

From practical point of view the theoretical understanding acquired from the study

of SBSL can be put for the benefit of sonochemistry to catalyse chemical reactions [102],

laboratory-scale production of exotic materials [114, 115], and the treatment of hazardous

waste [104]. It is also relevant for medicine by use of microbubbles injected into the blood

as scattering agents of medical ultrasound to enhance contrast [43]. Another example is

controlled delivery of drugs to individual cells, where the injection is done by jets that

develop at the final stages of the asymmetric collapse of bubbles near the wall of the cell

[117].

The personal motivation of the author in choosing this topic was the amusement

that extreme conditions and light-emission can be produced and studied in a table-top

experiment without extensive infrastructural and financial resources. Also, as mentioned

above, SBSL is an excellent learning-ground for very diverse fields in physics. Last but not

least it is still an open subject. Although the mile stones of understanding had been laid

down during the past decade, there is still much to do to bring together all the theories

and experiments, and find ways to extend or up-scale the phenomenon, and use it in

practical situations.

The structure of the thesis is the following. In the second chapter we review the ba-

sic facts and theoretical principles of the phenomenon of sonoluminescence based on the

literature, concentrating on the results with single bubbles. We constrain this review as

much as possible but still to the extent that a reader unfamiliar with the topic could un-

derstand and rate the results of the thesis. Because of space limitations a lot of material

will be excluded, such as early attempts of theoretical models to explain the phenomenon

or experimental results that are not directly related to the investigations of the author.

Interested readers find more detailed reviews in references [9, 100] that deal mostly with

experimental facts, and in reference [12], which presents the state of current theoreti-

cal understanding. In Hungarian one can read about single-bubble sonoluminescence in

references [106, 107, 17, 18, 116]

Next in chapter 3 we attempt to give a more detailed review of the aspects that

are important for the hydrodynamic theory of SBSL. This chapter provides the basis

to understand what is happening in the experiments and for predicting the behavior at

unprobed conditions. At some of the cases we present complete derivations, whereas in

other cases only the main results are given, together with the sources in the literature. Full

derivations are given either because the topic is of prime importance to the field, and thus

it is good to know the approximations and the limitations involved (such as section 3.2), or

if the subject is an unpublished result of the author, that to the best of our knowledge can

not be found elsewhere in the literature in the present form (section 3.1, and subsections

3.3.2 and 3.3.3). The reader will realize that we do not even touch the problem of the light
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emission mechanism, and the reason for this is, besides page limitations, is the following.

There are fairly sophisticated models of the light-emission in the literature, however some

of the quantitative predictions are not expected to be reliable, because of the uncertainty

in the hydrodynamic model at the most crucial instant of the end of the collapse when

the light is emitted. For this reason the view of the author is that first a reliable but

still tractable hydrodynamic model should be developed, that afterwards can be coupled

to the light-emitting processes. This line of thought is motivated by the fact that the

influence of the light emission back on the hydrodynamics of the bubble is negligible, thus

the later can be treated separately.

In chapter 4 we give a detailed description of the experimental setup designed and

developed by the author consisting of the acoustic resonator, apparatus for liquid de-

gassing, and all the necessary experimental procedures to reproduce our measurements.

This chapter also provides reference for recent papers of the author [110, 111, 70]

The following chapters list the experimental results of the author that were published,

or accepted for publication in international refereed journals. Chapter 5 presents an alter-

native, substantially simplified experimental approach to deduce the important dynamical

parameters of SBSL, and compares the results of this technique with that of the previous

method of Mie-scattering [110]. Chapter 6 revisits the subjects of experimental phase di-

agrams, and parametric dependence of light emission, that were investigated in an earlier

paper of the author [108], but obtains slightly different results that are complementary to

those given in [108]. Finally in chapter 7 we present measurements of the spectral shape

of the emitted light, and its parametric dependence [111].

The last chapter is denoted to theoretical studies of a narrower scope, that deals with

the dynamical behavior of the equation of motion of the spherically symmetric bubble

wall, the subject of period doubling and chaos and presents how periodic orbit theory

can be applied to calculate averages of relevant physical quantities in the case when the

oscillations of the bubble are chaotic. The results of this chapter were published in [109]

The thesis ends with a brief review of the results both in English and Hungarian.
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thank all my advisors, Ákos Horváth and István Csabai at ELTE, and Mogens Levinsen

at NBI, for valuable advises, useful discussions, and arrangements for financial support.
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Chapter 2

Overview of single bubble

sonoluminescence

2.1 Historical background

Perhaps it is not unreasonable to say that the first result connected to SBSL was the

theoretical study by Rayleigh in 1917 [101], that aimed to explain the causes of cavitation

erosion observed on ship propellers. Cavitation erosion can be understood qualitatively if

one considers that at the low pressure side of a ship propeller gas bubbles expand, while

appearing on the high-pressure side they collapse. Rayleigh showed that the inertial

collapse of an empty spherical cavity in an incompressible ideal liquid obeys a singularity

solution, where the velocity of the cavity wall and the pressure next to it in the liquid

grows without limit (see also exercises 7, 8 in §10 of Landau and Lifshitz [65]). Although in

reality the growing gas pressure stops the collapse, nevertheless high pressure in the liquid

still develops, that damages the nearby surfaces. With this result Rayleigh laid down the

basis of classical bubble dynamics, and found the key of the energy focusing that is also

at work in SBSL. Later theoretical bubble dynamics received a renewed interest during

the time of the II. World War in connection with underwater explosions [39, 63, 16]. Since

then the field grew steadily, and the models got substantially refined, and sophisticated

(see [99] for a review).

Meanwhile on the experimental side the first indication of light emission dates back to

1933, when Marinesco and Trillat [80] found fogging of photographic plates in an ultrasonic

bath. A year later Frenzel and Shultes [26] demonstrated that the fogging was due to

dim light originating from transient clouds of cavitation bubbles that are continuously

created and annihilated as a result of the intensive acoustic excitation. Later this process

got the name multi-bubble sonoluminescence (MBSL), since the light is emitted by many

interacting bubbles with an inhomogeneous distribution of bubble sizes, local pressure

5



6 CHAPTER 2. OVERVIEW OF SINGLE BUBBLE SONOLUMINESCENCE

(a) (b)

Figure 2.1: Examples of light emission from single (a) and multi-bubble sonoluminescence (b).

In (a) the inset shows a magnification of the bubble. This picture was taken with a 1 minute

exposition in the presence of back-lighting (photo by Vágány Zoltán). For the eye the bubble

seems to be point-like, the wide-spread picture here is the result of the long exposition time.

The example (b) is taken from Fig. 2 of Weninger et al (2001) [130]. This picture was made

with no external lighting and 1 minute exposure.

values, and life durations. As a result of the transient and inhomogeneous nature of these

bubble clouds not much could be found out about the conditions inside individual bubbles,

and the physical mechanism of the light emission. The breakthrough came in 1989, when

Felipe Gaitan with thorough experimentation found the necessary conditions to maintain

a single stable light-emitting bubble for hours [28, 29]. An important change was the

use of partially degased water, where the concentration of the dissolved gases were less

than half of the value at normal conditions. As a result the cavitation threshold of water

is raised, and thus pressure amplitudes high enough for light emission could be reached

without the spontaneous formation of cavitation bubbles. Another important aspect is

that the acoustic excitation frequency was tuned to a resonance value, which produced

standing waves in the water, that could levitate the bubble against the force of buoyancy

(see references [1, 83, 87, 55] and section 3.3 on how this happens).
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2.2 Basic facts of sonoluminescence

In Fig. 2.1 one can compare photographs of single and multi-bubble sonoluminescence.

Also visible in Fig. 2.1(a) a typical acoustic resonator, that is used to produce SBSL in

experiments. The size of the resonator is approximately equals to that of a 2 dl jar, where

the acoustic excitation is accomplished by means of piezo electric transducers, situated

at the top and the bottom of the resonator (see subsection 3.1.3 for more details on piezo

transducers). The frequency of the lowest acoustic resonance for this resonator is around

23 kHz. This implies that a sonoluminescing bubble levitated in this resonator emits

23 000 flashes of light in each second.

Figure 2.2: The left picture is Fig. 1 of Weninger et al (1997) [128]), which shows measured

signals proportional to ≈ −R2(t) (a), local pressure near the bubble (b), and number of photons

emitted by the bubble (c). Note that the baseline for (c) has been offset to provide a better

view, and light is emitted only during the negative spike. See the text for details. The right

picture (taken from Matula (1999) [85]) shows a fit of the numerical solutions of an equation of

motion for the bubble radius (thick continuous line) and the square-root of the absolute value

of the measured light-scattering signal (points). Also shown is the sinusoidal forcing pressure

used in the theoretical model (thin line).

The left picture of Fig. 2.2 shows the typical scenario of what happens during SBSL

in one period of the acoustic excitation. The curve (a) shows the negative output signal

of a photo multiplier tube (PMT) that detects red laser light scattered on the bubble.

According to the Mie-theory, the scattered intensity (suitably averaged over a large angle)

is proportional to the square of the radius of the bubble. See references [6, 69, 128, 129, 33]

and section 5.4 for more details on the application of Mie scattering in SBSL. Curve (c)

shows the negative output of another PMT that detects the own light of the bubble.

Finally (b) is the output of a needle-hydrophone, which shows the temporal variation of

local pressure at a distance of 1 mm from the bubble. The following observations are

apparent. In the first half of the acoustic period, during the rarefaction phase (from 4 to
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24µs) the bubble expands and reaches its maximal radius at around 21 µs. This instant

corresponds to the largest absolute value of the scattered laser intensity in (a). Then the

bubble collapses and at the end of the inward motion a brief flash of light is emitted. This

is indicated by the negative spike on curve (c) at t ≈ 25µs. At the same instant also an

outgoing shockwave is launched into the liquid [82, 53, 126, 92], that takes away most of

the kinetic energy of the collapse. The shockwave is apparent as a positive spike on curve

(b), delayed approximately by a microsecond, which is the time it takes for the shock to

travel the distance from the bubble to the aperture of the hydrophone. In the second half

of the acoustic cycle the wall of the bubble is essentially motionless and the radius equals

to the value, that the bubble had in the beginning of the period. In the right picture of

Fig. 2.2 one can see that theoretical models reproduce quite accurately the shape of the

Radius-time curves obtained by Mie scattering. In fact such fits provide the calibration

between the raw Mie-scattering signals and radius-time curves. As can be seen the initial

or ambient radius of the bubble in the beginning of the period is around R0 ≈ 4µm. At

its maximum the radius increases to 10 times the ambient value, and here after the main

collapse one can also observe after-bounces with decaying amplitude.

Figure 2.3: Radius-time curves and light intensity in the transition from non-light emitting

“bouncing” air bubbles to sonoluminescing bubbles in water, as a function of the forcing pressure

amplitude. The picture is adopted from Fig. 2 of Barber et al (1994) [7].

With the help of light-scattering measurements or by direct imaging [118] one can

study how changes in the external conditions affect the dynamics of the bubble and the
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intensity of the light pulses. The most important conditions that can be varied in a SBSL

experiment include the choice of the host-liquid and dissolved gases [48, 30, 60, 61, 62],

the concentration of the dissolved gases [8, 108], ambient temperature [7, 123], ambient

static pressure [20, 123], the amplitude of the forcing pressure [7, 31], and the frequency

[4, 119] or the spectral composition of the excitation [54, 78].

Figure 2.3 shows for an air-water system the transition from a non light-emitting to

a light-emitting bubble as the forcing pressure is increased. The solid ramp indicates the

relative intensity of the light-emitting cases, and the first sweep in the figure (below 1

atm) shows the noise level both for the Mie-scattering signal and for the signal of the PMT

that detected the SL light. One can observe that after the four unshaded sweeps there

is an abrupt decrease in the ambient and maximum radii, and a dim light comparable

to the noise level is detected. From the fourth shaded sweep the same quantities within

experimental precision increase monotonically, moreover in the case of the light-intensity

the increase to a good approximation is linear. Below 1 atm the bubble is observed to

dissolve in the water on diffusive timescales, while at the upper end the bubble runs into

an instability that leads to its extinction. Based on radius-time data it is also customary

to present the behavior of the bubble by phase diagrams in the pressure amplitude (Pa)

and ambient radius (R0) parameter space [51, 31, 59, 61, 62]

Figure 2.4: Measured phase diagram of Gaitan and Holt [31] (on the left). Open squares

denote stable SL bubbles, while the filled squares and crosses stand for non-light emitting stable

and shape-unstable bubbles respectively. The dashed line is the experimental threshold for the

onset of parametric shape instability and the thin (thick) lines are theoretical curves of unstable

(stable) diffusive equilibrium for different relative dissolved gas concentrations. The right picture

shows calculated regions in the (Pa, R0) parameter space where an air bubble would grow (up

pointing arrow) or shrink (down pointing arrow) due to the effects of diffusion and chemical

reactions (from Lohse et al (1997) [74]). More details in the text.
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A (Pa, R0) phase diagram for air-water system is shown in Fig. 2.4(left). Here the

dissolved air concentration was set to about 14% of the saturation value. For driving

pressures less than ≈ 1 bar the bubbles are observed to dissolve in the water. The same

qualitative behavior can be observed as in Fig. 2.3. Between driving pressures of 1 and

1.2 bars the bubble follows the path of the parametric shape instability line (dashed

line). Then at around 1.2 bars the ambient radius drasticly shrinks with increasing Pa.

At the onset of SL, at Pa ≈ 1.3 bar the situation reverses and from that point the

ambient radius increases monotonically with the driving pressure. When the ambient

radius reaches the parametric shape instability threshold the bubble gets destroyed. This

behavior of air bubbles was a puzzle for quite a long time, and finally it was resolved

with the “dissociation hypothesis” by Lohse and co-workers [74, 75, 121]. This theory

implies that at the driving pressure of 1.2 bar the temperature in the bubble during

the collapses reach such high values that molecular compounds of air start to dissociate

and form reaction products whose solubility in water are orders of magnitude larger

than for the original compounds. As the driving pressure is increased higher and higher

portion of the bubble gets dissociated and dissolved, until finally at Pa ≈ 1.3 bar only the

chemically inert argon remains, since atmospheric air contains around 1% argon. From

this point the bubble contains almost exclusively just argon and water vapor, and since

the amount of energy consuming chemical reactions is dramatically decreased, this results

in substantially increased internal temperatures and hence the emission of light.

The right picture in Fig. 2.4 shows the consequences of gas diffusion and chemical

reactions on bubble stability. The arrows show regions where bubbles grow or shrink.

The curve labeled (A) is the line of unstable diffusive equilibrium for air bubbles. The

thin solid line indicates the threshold where bubble temperatures reach 9000K. To the

right from this line all molecular compounds are dissociated and the bubble can contain

only argon and vapor. The line (C) is the curve of stable diffusive equilibrium that is

calculated for the argon content. Finally the curve (B) is the stable equilibrium line where

the loss due to dissociation and chemical reactions is balanced by the diffusion of air back

to the bubble. Theoretically the filled and open squares in the left figure correspond to

the curves (B) and (C) of the right figure.

2.3 The properties of the light pulses

Figure 2.5 presents the most important properties of the light pulses and their parametric

dependence. Experimentally the light of the bubble can be detected by a PMT, whose

typical spectral response is in the range of 300-600 nm, and its output signal is proportional

to the number of detected photons in this interval. As was already mentioned the light

intensity detected by a PMT within experimental uncertainty is a growing linear function



2.3. THE PROPERTIES OF THE LIGHT PULSES 11

of the driving pressure amplitude (see Fig 2.5(a)). In the same figure also indicated is

the relative intensity normalized by the volume of the bubble. This quantity can be

thought of as a rough indicator of the average energy emitted by a single gas atom.

According to Fig 2.5(a) the energy density in the bubble decreases with increasing Pa,

despite the fact that the intensity of flashes increases. An important and for a long time

unexplained observation was the strong dependence of the light intensity on the liquid

temperature. Figure 2.5(b) shows the increase of the maximal intensities with decreasing

temperature. The maximal intensities correspond to the highest values attainable at the

pressure amplitudes just before reaching the extinction thresholds at the given liquid

temperature. The causes for this dependence are at least twofold. First at decreased

temperatures the extinction thresholds are located at higher pressure amplitudes, and

thus higher light-intensities are attainable [42]. Second, at colder ambient temperatures

the amount of vapor trapped in the bubble decreases. The effect of water vapor has been

investigated recently by several papers [123, 113, 119, 134, 120, 37]. They show that its

presence in the bubble yields reduced internal temperatures, by decreasing the effective

polytropic exponent of adiabatic heating from the value of 5/3 that is characteristic of

inert gases. Energy-consuming chemical reactions of water vapor is another source of

decreased temperatures. Altogether these effects yield lower light intensities at higher

ambient temperatures.

Besides the intensity another important characteristic of the emitted light is its optical

spectrum. In water, but also in other organic liquids the window of transparency is limited

by the ultraviolet and infrared cutoff to the interval of approximately 200-800 nm. At

shorter or longer wavelengths the absorption of liquids increase so strongly that does

not admit detection. Figure 2.5(c) shows results of measured spectra in water at room

temperature by Hiller et al [47] and Gaitan et al [30]. The important observation is that

the spectrum is continuous, the spectral density increases toward the ultraviolet, and there

are no indications of spectral lines characteristic of the gas or the water, as in the case

of MBSL spectra [81]. In Fig.2.5(d) it is seen that the shape of the spectrum in a wide

wavelength interval can be fitted by the tail of a surface-emitter blackbody with effective

temperature ≈ 16200 K, although at small wavelengths deviation is also apparent. Figure

2.5(e) shows spectra of diffusively stable rare gas bubbles in water at T = 20oC. From

bottom to the top the spectra correspond to 3He, He, Ne, Ar, Kr, and Xe. For Kr and

Xe the spectra feature a clearly resolved maximum, while for the lighter rare gases the

maxima are beyond the UV cutoff, and thus undetectable. One can also observe that

the integrated spectral density increases with the molecular weight. For Ar, Kr, and Xe

also shown are the theoretical spectra calculated by Hammer and Frommhold [35]. To

achieve the agreement fine-tuning of the pressure amplitude in the model was necessary,

however the final values of Pa were still within the experimental bounds. Yet another
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(a) (b)

(c) (d)

(e) (f)

Figure 2.5: (a) Relative light intensity as a function of the pressure amplitude (from Gaitan

et al 1999 [31]). (b) Maximal light intensities near the extinction threshold for various water

temperatures (from Hiller et al 1992 [47]). (c) Spactra of air bubbles in water (from Hiller et al

1992 [47] and Gaitan et al 1996 [30]). (d) The spectrum of Gaitan et al fitted with blackbody

radiation (also from [30]). (e) Spectra of different noble gas bubbles (picture from [35]).(f) Time

correlated single-photon counting measurement of the flash duration in the UV and red (from

[32]).
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characteristic of the light pulses is their temporal shape and duration. The very first

experiments aiming to measure flash durations from PMT responses could produce only

upper bounds of 50 ps [4, 5]. Later repeated experiments using time correlated single-

photon counting [32, 88, 49] and streak-camera methods [91] established flash durations

in the range of 30-380 ps, depending on the value of pressure amplitude and dissolved

gas concentrations. An important experimental result of [32] is that the duration of

the flashes show no sign of wavelength dependence (see Fig. 2.5(e)). These results of

the flash durations had fare reaching consequences in constraining the range of relevant

theoretical models of light emission (see [12] for a discussion). An immediate consequence

of Fig. 2.5(f) is that despite the good agreement in Fig. 2.5(d) the light emission can not

be from the combination of adiabatic heating and surface emitter blackbody radiation,

because in that case the flash widths in the “red” part of the spectrum would have

to be approximately twice as long as in the “UV” part, as the bubble is heated and

subsequently cooled [45]. Considering this result it is interesting why can the PLanck-

function still so successfully parametrize the experimental spectra in a wide wavelength

interval. Especially puzzling are results for non-rare gas bubbles [124]. The fact that the

light turns on and quenches at the same time for all wavelengths can be explained in the

adiabatic heating model by taking into account the change in the opacity of the bubble

with temperature [45]. Based on extrapolation of experimental data to the high density

and high temperature regime of SL Moss et al [89] concluded that the bubble is mainly

transparent to its own radiation, thus it is an optically thin volume emitter. Optically

thick surface emitter region may also be present in the core of the bubble, if shockwaves

develop in the gas during the collapse, however the light emission even in this case is

dominated by the emission from the volume. The existence of shocks inside the bubble

is still a debate (see for instance [14, 125] vs. [132]), in either case the subject has little

relevance for the overall intensity and duration of the flashes, however it is important for

establishing limits of the maximum temperature in the center of the bubble.

The simplest model of light emission which still compares fairly well with measure-

ments is the model of Hilgenfeldt et al [45]. In their approach the gas dynamics inside the

bubble is not modeled and the state of the gas is characterized by spatially uniform values

of temperature and pressure, through an equation of state. At the final stages of the col-

lapse the bubble is heated adiabatically, and the temperature achieved is translated into

light emission by assuming local thermodynamic equilibrium and by including the most

relevant processes that contribute to the absorption by the gas. According to this model

the light emission is due to bremsstrahlung from inelastic collisions of free electrons with

neutral atoms, bremsstrahlung of free electrons in the field of ions and photon emission

from the recombination of free electrons and ions to form excited atoms. The model was

able to produce photon numbers, flash durations and spectra that are in accordance with
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Figure 2.6: The pictures on the left show calculated flash widths of [45] (open symbols) com-

pared to the measured data of Hiller et al [49] (adopted from Fig. 8 of [45]). In (a) the

experimental data corresponds to Xe bubbles at different water temperatures, while in (b) the

filled triangles circles and diamonds stand respectively for Ar, Xe, and air bubbles. The right

figure (from [36]) compares theoretical spectra of an argon bubble calculated from the model of

Hilgenfeldt et al [45] (thin continuous line) and the refined model of Hammer and Frommhold

[35]. These two models differ in the contribution of the electron-neutral bremsstrahlung (thin

and thick dashed lines), that is more intense in the refined model, while the contribution of the

electron-ion bremsstrahlung (dotted line) is the same in both of them.

measured data (see Fig. 2.6). Later the model was refined by Hammer and Frommhold

who calculate the contribution of electron-neutral bremsstrahlung from first principles [35]

instead of the semi-classical approximation of [45]. The theoretical spectra indicated by

the dashed lines in Fig. 2.5(e) were calculated from the refined model. The same authors

also extended the model by incorporating the effect of water vapor [37]. They find that

the influence of vapor lowers the attainable temperature inside the bubble, in which case

the agreement of the measured spectra with the theoretical calculations of the uniform

bubble is not as good as in Fig. 2.5(e), however perfect agreement can be obtained if the

assumption of uniform temperature in the bubble is given up.



Chapter 3

Theoretical aspects relevant for

SBSL

3.1 The physics of acoustic resonators

The acoustic resonators used in SBSL experiments are containers of different shape and

material, filled with liquid, and their wall is vibrated at a frequency that produces standing

waves in the liquid. In the first experiments and even now-days the emphasis of their

design was mainly on the ease and relatively low expense of fabrication. For instance

the very first resonators were conventional Pyrex lombics (that can be found in every

laboratory) with piezo electric transmitters glued on the outer surface. On the other hand

there is a desire to have resonators with a predictable and reproducible performance, thus

there is a need for theoretical understanding of the physics involved. The most important

characteristics of the resonators are their spectrum of eigen frequencies the resulting

pressure field in the liquid, the Q-value of the resonances, and the parametric dependence

of these quantities.

In general the thicknesses of the glass and metal walls (≈ 1−2mm) of the resonator are

much smaller than the respective characteristic wavelengths λc = c/ω of these materials,

thus in the derivation of the spectrum we consider only the volume of the liquid. In the

absence of large velocity gradients viscous effects can be neglected and the liquid can

be approximated with an ideal fluid.Thus the hydrodynamics inside a resonator can be

described to good approximation by the Euler and continuity equations (see e.g. Landau

and Lifshitz [65, 64])

∂v

∂t
+ (v∇)v = −

1

ρ
∇P,

∂ρ

∂t
= −∇(ρv), (3.1)

where v, P and ρ are the velocity, pressure and density at a given location in the liquid.

To describe sound waves it is customary to separate the pressure and the density into a

15
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constant and a variable part

P (t) = P0 + P
′

(t), ρ(t) = ρ0 + ρ
′

(t) (3.2)

where P0 is the ambient pressure, and ρ0 is the equilibrium density. In the followings we

will assume that the density variations are small compared to the equilibrium value ρ
′

(t) ≪

ρ0, and that the particle velocity is much smaller than the speed of sound in the liquid

v ≪ c. To convince our selves that the approximations are valid under SBSL conditions,

first we will obtain formulas assuming that they hold, then check if the solutions are

self-consistent for pressure and frequency values etc. used in SBSL experiments.

By applying the formulas (3.2) and neglecting terms that are small in second order,

and introducing the velocity potential (v = ∇ψ) the Euler and continuity equations can

be rewritten as

P
′

= −ρ0
∂ψ

∂t
,

∂ρ
′

∂t
= −ρ0∆ψ. (3.3)

A link between these two formulas is provided by the equation of state for the liquid.

Since the motion in an ideal fluid is an adiabatic process, thus we may write

∂P
′

∂t
=
∂P

∂t
=
∂P

∂ρ

∣

∣

∣

∣

∣

S

∂ρ

∂t
=
∂P

∂ρ

∣

∣

∣

∣

∣

S

∂ρ
′

∂t
. (3.4)

where the derivation with respect to density is done at constant entropy S. Combining

the expressions (3.4) and (3.3) a wave equation for the velocity potential is obtained

∂2ψ

∂t2
= c2∆ψ (3.5)

with a speed of sound given by c =
√

∂p
∂ρ
|S. Since we are interested in the generation

of standing waves at a sinusoidal excitation, the velocity potential can be written in a

multiplicative form

ψ = −F (r) · cos(ωt). (3.6)

Plugging (3.6) into (3.5) yields an equation that depends only on the spatial coordinates

∆F (r) = −
ω2

c2
F (r). (3.7)

To obtain the spectrum of eigen frequencies and the pressure field equation (3.7) must

be solved for geometries representing the shape of the resonator. In the followings we

will derive the spectrum of resonances and the pressure field for spherical and cylindrical

geometries, that are the most common resonator types.
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3.1.1 The case of a spherical resonator

Assuming that the motion is purely radial equation 3.7 in spherical coordinates reads

1

r2

∂

∂r

(

r2∂F (r)

∂r

)

= −
ω2

c2
F (r). (3.8)

The solution to (3.8) can be searched in the form

F (r) = A
sin(kr)

r
, (3.9)

where A is constant that must be matched to the boundary conditions. Plugging (3.9)

into (3.8) sets the expression for the wave number k = ω/c. The resonant frequencies

corresponding to standing waves are determined by the boundary conditions. In our

case the liquid is vibrated at the surface thus the location (r = R) is an antinode for

the velocity and a node for the pressure functions. These constrains are satisfied by the

condition that the velocity potential should vanish at the boundary F (r = R) = 0. From

the above considerations finally the spectrum of eigen frequencies and the corresponding

wave-numbers are given by

2πfn = ωn =
nπc

R
(n = 1, 2, 3, ...) kn =

nπ

R
. (3.10)

Calculating the velocity amplitude at the resonator wall from (3.9) yields an expression

for the constant A

A =
v(R) · R

kn
=
ωnζ · R

kn
= cζR, (3.11)

where ζ is the amplitude of the displacement at the resonator wall. Combining equations

(3.6), (3.9), (3.10) and (3.11) the resulting pressure field reads

P
′

(r, t) = −
ρ0c

2ζπn

r
sin

(

nπr

R

)

sin
(

nπct

R

)

. (3.12)

In experiments mostly the lowest mode is used with n = 1, where the spatial profile of

the pressure has a single maximum (Pa) in the center of the resonator. Using equation

(3.12) the pressure amplitude near the bubble for this case is given by

Pa =
ρ0c

2ζπ2

R
. (3.13)

To maintain a stable light emitting bubble pressure amplitudes around 1 − 2 bar are

necessary, while the typical radius of a spherical resonator is around R = 3 cm. These

values yield a typical displacement amplitude of ζ ≈ 0.3µm and a resonance frequency

f1 ≈ 25 kHz.

In the derivation of the above equations the assumptions of v ≪ c and ρ
′

(t) ≪ ρ0 were

made. This allowed to neglect the nonlinear term (v∇)v in the Euler equation (3.1). Since

the maximal velocity amplitude at the resonator wall is around v(R) = ωnζ ≈ 0.05m/s and

the density variation is ρ
′

= (1/c2)P
′

≈ 0.1kg/m3 it is apparent that these approximations

are well justified.
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(b) n=1, m=0 (c) n=1, m=1 (d) n=2,m=0

(e) n=2, m=1 (f) n=3, m=0 (g) n=1, m=2

Figure 3.1: Cross-section illustration of pressure amplitude of the first few acoustic modes in a

cylindrical resonator. The linear color scale is given in the top figure.



3.1. THE PHYSICS OF ACOUSTIC RESONATORS 19

3.1.2 The case of a cylindrical resonator

In cylindrical coordinates, assuming rotational invariance equation (3.7) takes the form

1

r

∂

∂r

(

r
∂F (r)

∂r

)

+
∂2F (r)

∂z2
= −

ω2

c2
F (r). (3.14)

The spatial dependence of the velocity potential and the frequency term can be searched

as

F (r) = G(r) ·H(z),
ω2

c2
= a2 + b2. (3.15)

Using these expressions equation (3.14) can be separated into

1

r

∂

∂r

(

r
∂G(r)

∂r

)

= −a2G(r), (3.16)

∂2H(z)

∂z2
= −b2H(z). (3.17)

Introducing a new variable x = a · r and searching the radius dependent part of the

velocity potential as G(ar), equation (3.16) can be transformed into

x2∂
2G(x)

∂x2
+ x

∂G(x)

∂x
= −x2G(x), (3.18)

which is an ordinary differential equation of Bessel-type, that has the solution G(x) =

J0(x). The velocity potential should vanish at the boundary r = R, which constrains the

possible values of a

J0(aR) = 0, a =
χn

R
, (3.19)

where χn is the n-th positive zero-point of the Bessel function J0. The approximate

numeric values for the first few χn are given in the following table The solution of the

n 1 2 3 4

χn 2.405 5.520 8.654 11.792

equation (3.17) is the superposition H(z) = A sin(bz) + B cos(bz). Putting the origin of

the coordinate system to the center, the boundaries are at ±h/2, where h is the height

of the resonator. The boundary condition is H(±h/2) = 0, but here we have another

constrain as well, namely that the velocity vectors on the upper and lower boundaries

should always be opposite.

∂H

∂z

∣

∣

∣

∣

∣

z=h/2

= −1 ·
∂H

∂z

∣

∣

∣

∣

∣

z=−h/2

, (3.20)
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These constrains are satisfied by the expressions

A = 0, b =
π(1 + 2m)

h
, B =

Uh

π(1 + 2m)
m = 0, 1, 2, 3, ...

(3.21)

where U denotes the velocity amplitude in the center of the upper boundary v(r = 0, z =

h/2). From (3.15), (3.19) and (3.21), finally the spectrum of eigen frequencies are given

by

2πfn,m = ωn,m = c

√

√

√

√

(

χn

R

)2

+

(

π(1 + 2m)

h

)2

, (3.22)

and the corresponding pressure field

P
′

(r, z) = −Pa · J0

(

χnr

R

)

cos

(

π(1 + 2m)z

h

)

sin(ωn,mt), (3.23)

with the pressure amplitude Pa given by

Pa =
ρ0Uhωn,m

π(1 + 2m)
=

ρ0hω
2
n,mζ

π(1 + 2m)
, (3.24)

where ζ denotes here the displacement amplitude at (z = h/2, r = 0). The typical

values of pressure amplitude and resonator dimensions again yield a velocity and density

amplitude in accordance with the assumptions v ≪ c and ρ
′

(t) ≪ ρ0. Illustrations of a

first few modes are plotted in figure 3.1.

3.1.3 Piezo electricity

Piezo electricity is a property of some materials which upon deformation along a given

direction (the polar axis) develop polarizational charges on their surface. This property

belongs to some crystals, (e.g. quartz and turmalin) and to ferro-electric materials. These

materials also obey the inverse piezoelectric effect, in which an applied voltage results in

mechanical deformation. In applications the direct piezoelectric effect is used in the

detection of ultrasound (piezo microphones, needle hydrophones), and the inverse effect

is used to generate ultrasound. On typical piezo transmitters (see figure 3.2) the surfaces

perpendicular to the polar axis are deposited with thin layers of metal. The most widely

used transmitter material is the ferroelectric lead zirconium titanate (PZT) ceramics.

The ceramics is polarized by subjecting it to a high voltage at a temperature above its

Curie point and cooling down in the presence of the electric field. After such a treatment

the ceramics keeps its polarization for years. The performance of a piezo transmitter is

characterized by several parameters, the piezoelectric constant k, the elastic constants of

the material and its dimensions. The piezoelectric constant gives the amount of charge as
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Figure 3.2: Schematics of a typical piezo transmitter

a function of the deforming force Q = kF . from electronic point of view piezo transmitters

are capacitors with a capacitance C. From this and Hooke’s law the deformation along

the polar axis can be calculated for a given static voltage U

∆d

d
=

C

kEA
U, (3.25)

where d is the thickness of the material along the direction of the polar axis, E is the

Young modulus of the material, and A is the area of cross-section. In SBSL applications

the transmitter is subjected to a sinusoidal voltage U(t) = UPZT sin(ωd). In this case

it is considerably more difficult to give a quantitative relationship between U(t) and the

deformation d, thus in the followings we mostly constrain the discussion to qualitative

aspects. Qualitatively a piezo transmitter mounted on the outer wall of the acoustic

resonator can be regarded as a driven damped oscillator, thus ∆d will have the form

∆d(t) = UPZT · b sin(ωdt+ δe), (3.26)

where δe and b are functions of the excitation frequency (δe gives the phase shift between

the electric signal and the resulting deformation of the transmitter). In the absence of

damping ∆d develops resonances at driving frequencies corresponding to longitudinal

standing waves in the transmitter ωd = ωl
n (see for instance §110 in [13]). Approximately

ωl
n =

nπ

d

√

E

ρPZT

(n = 1, 2, 3...), (3.27)

where ρPZT is the density of the transmitter. However the transmitters are mounted on

the resonator (glued with an epoxy) and the oscillation is damped, thus equation (3.27)

provides only upper bounds. The knowledge of the exact resonances of the transmitter

is important for the following reason. Although, one can achieve the highest pressure

amplitude in the liquid for a given level of the excitation voltage UPZT if a transmitter is

used at its resonance frequency, however the performance of such a resonator would be

very sensitive to small changes of the ambient temperature and driving frequency.
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3.1.4 Resonator performance and parametric dependence

Let us characterize the performance of a resonator by two numbers, the efficiency-value

A and the overall phaseshift B. We define the efficiency value with the ratio of the

pressure amplitude to the amplitude of the subjected excitation voltage (A = Pa

UPZT
),

and B with the time difference of the zero-crossings with a given slope of the excitation

voltage and the resulting pressure at the antinode. Clearly the values of A and B depend

on the amount of damping of the PZT transmitters and of the resonator walls and on how

close the transmitter’s resonance frequency situated to the eigen-frequency of the acoustic

resonator. Damping is provided by several dissipative processes. These include the sound

radiation to the air (see APPENDIX C of [105]), and processes that produce heat, for

instance inelastic deformation of resonator walls and viscous effects in the liquid.

The performance of acoustic resonators is mostly affected by changes in the external

temperature and ambient pressure. As can be seen in equations (3.10, 3.22) the acoustic

resonance frequencies depend on the temperature through the velocity of sound in the

liquid. For common liquids the temperature dependence of the material constants is tab-

ulated in [76]. Here we deal only with the case of water, as it is the most widely used

liquid in SBSL. In APPENDIX A we provide 4-th order polynomial fits for the material

constants in the temperature range of interest. Figure A.1(b) shows the temperature

dependence of the sound speed of water, this also indicates the relative change of the

acoustic resonances. If temperature changes during a measurement and the driving fre-

quency is not corrected accordingly, then both A and B changes. The amount of change

depends on the sharpness of the acoustic resonance, and it is smaller for a highly damped

case. This sensitivity of the quantity B can be eliminated for instance by a mode-locking

technique described in [9]

The temperature dependence of A sums up from several components. First one can

see from equations (3.13, 3.24) that for a given acoustic mode if the resonator is always

excited at its resonance, then Pa ≈ ρ(T )c2(T )ζ , where we have neglected the change in

size of the resonator. The temperature dependence of ρ(T )c2(T ), relative to the value

at 20oC is shown in Fig. A.1(c). The figure indicates that to achieve the same pressure

amplitude higher displacement is necessary in the case of a colder ambient temperature.

However the performance of the PZT may also show temperature dependence (see [25]),

thus one also needs to consider that depending on the temperature the displacements can

be different even at constant excitation voltage.

A change in the ambient pressure affects mainly the amount of damping of the res-

onator, and influences the width of the acoustic resonance. At higher ambient pressures

more energy is radiated away from the resonator in form of sound waves, which increases

the damping.
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3.2 The Rayleigh-Plesset equation

In this section we derive the equation of motion of the bubble’s volumetric oscillations

in a time dependent pressure field. It is assumed that the motion is purely radial, and

the origin of the coordinate system is taken in the center of the bubble. Deviation from

spherical shape will be treated in section 3.3.3, while the stability of the spherical shape

in section 3.4.

3.2.1 Incompressible approximation

To describe the hydrodynamics in the liquid around the bubble one can use the isothermal,

incompressible and spherical-symmetric Navier-Stokes and continuity equations and the

expression for the stress tensor [64, 65],

∂vr

∂t
+ vr

∂vr

∂r
= −

1

ρ

∂P

∂r
+
η

ρ

[

1

r

∂2(rvr)

∂r2
−

2vr

r2

]

, (3.28)

∂(r2vr)

∂r
= 0, (3.29)

σl
rr = −P + 2η

∂vr

∂r
, (3.30)

where ρ denotes the liquid density, and η the dynamic viscosity. According to equation

(3.29), the expression r2vr is a constant F (t) independent of r, that is only a function

of time. Evaluating this expression at the bubble surface gives F (t) = R2Ṙ. From these

considerations it follows that the radial velocity at a given point can be expressed as

vr =
F (t)

r2
=
ṘR2

r2
, (3.31)

Using the above expression in the Navier-Stokes equations yields

(R̈R2 + 2RṘ2)
1

r2
− 2R4Ṙ2 1

r5
= −

1

ρ

∂P

∂r
. (3.32)

Note that after the substitution the viscous contribution canceled out from the Navier-

Stokes equation. By integrating equation (3.32) from the bubble surface (r = R) to

infinity one finds

(R̈R2 + 2RṘ2)
[

−
1

r

]∞

R
− 2R4Ṙ2

[

−
1

4r4

]∞

R
= −

1

ρ
[P ]∞R , (3.33)

and after simplifications

RR̈ +
3

2
Ṙ2 = −

1

ρ
[P∞ − P (R)]. (3.34)
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The infinity in the above equation means a distance from the bubble where the pertur-

bation of the pressure due to the presence of the bubble can already be neglected in

comparison with the contribution from the excited standing wave. A detailed analysis

shows that this condition is already fulfilled at a distance of r∞ ≈ 1mm from the bubble

wall. Since this distance is small compared to the wavelength of the standing wave that

is usually used in experiments λ ≈ 10cm, thus P∞ can be approximated with the pressure

at the location of the bubble without its own contribution. In the next section it is shown

that bubbles can be levitated near the pressure antinodes of the standing wave, thus

P∞ = P0 − Pa sin(ωdt) (3.35)

is a good approximation, where P0 is the ambient pressure. The pressure in the liquid

at the bubble wall P (R) can be calculated from the boundary condition at the liquid-

gas interface. The condition is that the normal stresses at the two sides of the interface

should be equal. Neglecting the viscosity of the gas, the stress tensor on the gas side of

the interface is σg
rr = −Pg − Pv + 2σ/R, where Pg is the partial gas pressure, Pv is the

partial vapor pressure and σ is the surface tension. Equalizing the radial components of

the stress tensors at the interface yields

− P (R) − 4η
Ṙ

R
= −Pg − Pv + 2

σ

R
. (3.36)

Substituting the expressions for P∞ and P (R) into equation (3.34) finally results in the

incompressible Rayleigh-Pleset (RP) equation

RR̈ +
3

2
Ṙ2 =

1

ρ

[

Pg + Pv − P0 + Pa sin(ωdt) − 4η
Ṙ

R
−

2σ

R

]

. (3.37)

3.2.2 Rayleigh-Plesset equation with sound radiation term

Equation (3.37) is useful only in the limit where the oscillations are slow compared to the

speed of sound in the liquid, i.e. Ṙ ≪ c. In most of the acoustic cycle this requirement

is met, however if the forcing is sufficiently large the numerical solutions of 3.37 develop

collapses where the velocity of the bubble wall approaches or even exceeds the ambient

speed of sound. The energy radiated by the bubble into the liquid in the form of out-

going spherical sound waves is lost from the viewpoint of the bubble, thus the effect of

compressibility is mainly the introduction of an additional dissipative term. In reference

[12] it is shown that the form of the compressible RP equation is not unique, but one

can work with a family of equations that are precise in the same order. Following [12] we

use the particular form that differs from 3.37 only by the inclusion of the sound radiation

term, namely
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Figure 3.3: The pressure near the bubble (a), and the Radius-time curves (b), calculated from

equations (3.38,3.39) using material constants at 20oC and the parameters Pa = 1.35 bar, R0 = 3

µm, a = R0/8.86, ωd = 2π20 kHz, P0 = 1 bar, γ = 1 (continuos line) and γ = 5/3 (dashed line).

Also shown in (b) the R(t) curve calculated with the time-dependent polytropic exponent of ref.

[45] (dotted line). The variation of γ and the resulting uniform temperature in the bubble are

shown in (c), and (d) respectively.
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RR̈ +
3

2
Ṙ2 =

1

ρ

[

Pg + Pv − P0 − Pf − 4η
Ṙ

R
−

2σ

R
+
R

c

d

dt
(Pg − Pf )

]

,

(3.38)

where Pf = −Pa sin(ωdt) is the forcing pressure. To solve the RP equation it needs to be

supplemented by an expression for the gas pressure. If the velocity of the bubble wall is

smaller than the speed of sound in the gas, then the pressure in the bubble can be taken

to be uniform, and then it can be calculated from the volume using an equation of state.

The most frequently used expression in the literature is the polytropic process equation,

derived from a van der Waals equation of state.

Pg(R(t)) =
(

P0 +
2σ

R0
− Pv

)

(R3
0 − a3)γ

(R(t)3 − a3)γ
. (3.39)

Here a is the hard core van der Waals radius of the gas, γ is the polytropic exponent,

and R0 is the equilibrium radius of the unforced bubble, also referred to as the ambient

radius. The polytropic exponent may take values from an interval determined by the

two limiting cases of isothermal or adiabatic processes. In the former case γ = 1, while

during an adiabatic process the value is determined by the ratio of specific heats of the

gas γ = Cp/Cv. For air one may take γ = 7/5, and for noble gases γ = 5/3. Detailed

investigations of the role of heat transfer between the liquid and the bubble [95, 98, 133, 15]

revealed that in the parameter range of interest in most of the acoustic cycle γ = 1 is the

realistic choice, except at the small timescales of the strong collapse and after-bounces,

where one should use γ = Cp/Cv. The refined model of [45] uses an equation that

interpolates between the two regimes, based on the instantaneous Peclet number.

In Fig. 3.3(a) we show the sinusoidal driving pressure and the solutions of the RP

equation (b) with γ = 1, (continuous line), γ = 5/3 (dashed line) and with the varying

γ(t) of [45] (dotted line) at parameter values that correspond to a sonoluminescing argon

bubble in water. The instantaneous polytropic exponent (c) and the resulting uniform

internal temperature (d) are calculated from equations (5-10) of [45]. As can be seen in

the first half of the acoustic cycle the bubble expands to its maximum radius. This is

followed by the main collapse (almost to the hardcore radius a = R0/8.86) and subsequent

after-bounces with diminishing amplitude. The solution is sensitive to the choice of the

polytropic exponent. The case of constant γ = 5/3 results in a smaller maximal radius

and also in an earlier collapse, than the choice of γ = 1 or the time-dependent γ(t).

The implication of the figure is that the isothermic process equation provides the right

values for the maximal radius, and also for the phase of the minimum radius in the cycle,

however in the after-bounce region it differs from the solution of the refined model. If one

is also interested in the approximate internal conditions at the time of the collapse, then

the use of the refined model is unavoidable.

Depending on the values of Pa and R0 the oscillations of the bubble may show a wide
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Figure 3.4: The transition from the small amplitude driven, nearly harmonically oscillating

bubbles to the highly nonlinear oscillations that is a characteristic of sonoluminescing bubbles.

These curves were calculated using the time-dependent γ(t) of [45], the pressure amplitude and

ambient radius parameters are indicated in the corner of the figures, while the other parameters

were the same as in Fig. 3.3

variety of features, that we illustrate in Fig. 3.4. In the limit of small ambient radius or

small forcing the bubble oscillates harmonically in anti-phase with the driving sinusoidal

pressure. Increasing the amplitude of the excitation or the ambient radius, the oscillations

get asymmetric and distorted by higher harmonics. At a further increase ripples develop

on top of the asymmetric curve, that after a still further increase transform into a main

collapse and a sequence of after-bounces with decreasing amplitude. At even higher values

of the dynamic parameters the strength of the collapse increases, the bubble looses more

and more energy in form of sound waves radiated to the liquid, and as a consequence the

after-bounces get less prominent. Finally in Fig. 3.5 we show the dependence of important

characteristic quantities of the dynamics on Pa and R0 in a wide range of the parameters.

These quantities are the maximal (Rmax) and minimal (Rmin) radii, the expansion ratio

(Rmax/R0), and ξ the dimensionless phase of the minimal radius in the acoustic period,

ξ = tmin/T , where tmin is the time elapsed from the beginning of the period until the

bubble reached its minimal radius, and T is the acoustic period.
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Figure 3.5: The dependence of the maximum radius (top-left), expansion ratio (top-right), min-

imum radius (bottom-left), and the dimensionless phase of the minimum radius in the acoustic

cycle (bottom-right) on Pa and R0. The simulations used the values of the material constants

at T = 20oC, P0 = 1 bar, ωd = 2π · 20 kHz, and γ = 1.



3.3. BUBBLE LEVITATION 29

3.3 Bubble levitation

In the previous sections we derived the pressure field in acoustic resonators and the

volumetric oscillations of the bubble. Here we are interested in the motion of the center

of mass of the spherically oscillating bubble in the pressure field of the resonator. More

specifically we want to understand how does the motion of the bubble around the levitation

position affects its sphericity. In the followings the origin of the coordinate system is taken

in the center of the resonator.

3.3.1 The time-averaged force balance condition

The ability of the pressure standing wave to levitate the bubble is usually shown in the

literature by examining the time-averaged forces acting on the bubble, while the movement

of the bubble is neglected [1, 83, 87].

The net force is given by integrating the pressures on the bubble’s surface. This surface

integral can be rewritten into a volume integral according to the second gradient theorem,

thus we get

∑

F =
∮

S
P (r)dA = −

∫ ∫ ∫

V
∇PdV. (3.40)

Pressure gradients are present due to the excited standing wave pattern and gravity. The

spatial dependence of the pressure gradient is negligible on distances comparable to the

bubble size, thus it can be moved outside of the integral. In the example of the cylindrical

resonator excited at he first mode (n=1,m=0) the non-vanishing components of the net

force are

Fr(t) = −Pa
4

3R
πχ1R(t)3J1

(

χ1r

R

)

cos
(

πz

h

)

sin(ωdt), (3.41)

Fz(t) = −Pa
4

3h
π2R(t)3J0

(

χ1r

R

)

sin
(

πz

h

)

sin(ωdt) +
4

3
πρwgR(t)3,

(3.42)

where the second term in (3.42) is the buoyancy force (with g = 9.81m/s2). In the above

expressions the values of the bubble radius R(t) can be taken from the numerical solution

of the RP equation. Since both R(t) and sin(ωdt) are changing during one acoustic period

, thus these forces are oscillatory. To see the longterm behavior we must average over an

acoustic period. This yields

〈Fr(t)〉T = −Pa
4

3R
πχJ1

(

χ1r

R

)

cos
(

πz

h

)

1

T

∫ T

0
sin(ωdt)R(t)3dt, (3.43)

〈Fz(t)〉T = −Pa
4

3h
π2J0

(

χ1r

R

)

sin
(

πz

h

)

1

T

∫ T

0
sin(ωdt)R(t)3dt+

4

3
πρwg

1

T

∫ T

0
R(t)3dt.

(3.44)
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Figure 3.6: In (a) the white region indicates parameter space points where
∫ T
0 sin(ωdt)R(t)3dt > 0, which means that the time-averaged Bjerkness force of equations

(3.43,3.44) will attract the bubble to the antinode. In the shaded region the same integral

is negative, thus here the bubble is repelled from the antinode, and stable levitation is not

possible. In (b) we show the isocurves of the levitation position above the antinode in units of

mm, calculated from equations (3.45,3.38,3.39). The simulations used the values of the material

constants at T = 20oC, P0 = 1 bar, ωd = 2π · 20 kHz, and γ(t) of [45].

The condition for steady levitation is that the net time-averaged forces should vanish.

It is clear, that if the integral in 3.43 is positive, the action of the standing wave is to

attract the bubble to the pressure antinode, whereas the buoyancy force always pushes

the bubble upwards. Finally the levitation position is

r = 0, z∗ =
h

π
arcsin

[

ρwgh

Paπ

∫ T
0 R(t)3dt

∫ T
0 sin(ωdt)R(t)3dt

]

. (3.45)

By solving equation (3.45) together with the RP equation one can obtain the levitation

positions in the resonator as a function of the dynamic parameters Pa, andR0 (Fig. 3.6(b)).

As can be seen in Figs. 3.4 the phase of the maximum radius increases monotonically with

the pressure amplitude. The consequence of this behavior is that for every R0 there is a

certain Pa where
∫ T
0 sin(ωdt)R(t)3dt = 0. On the line corresponding to these points the

time-averaged Bjerkness force is zero, thus the bubble is pushed upwards under the action

of the Buoyancy force. At still higher pressure amplitudes the integral becomes negative,

which results in Bjerkness force that repels the bubble away from the antinode (the shaded

region in Fig. 3.6(a)). At these parameter points equation 3.45 has negative solutions,

that stand for the equilibrium positions below the antinode, where the buoyancy force is
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balanced by the repelling Bjerkness-force. However these equilibrium points are unstable,

because an infinitesimal displacement in the radial direction pushes the bubble away from

the axis of rotation, thus steady levitation is possible only in the white region of Fig.

3.6(a).

The results of Fig. 3.6(b) yield levitation positions in the parameter space of SBSL less

then a tenth of a millimeter. This is in contrast with experiments where the bubble can

move several millimeters as the pressure amplitude is increased. Possible explanations for

this discrepancy are given in [83]. The most crucial is that the pulsating bubble also has

an influence on the spatial profile of the standing wave [55], that gets more complicated

than the simple picture of Figs. 3.1.

3.3.2 Equation of motion for the center of mass

Although the condition of balance of the time-averaged forces yields an expression for the

equilibrium position, however it is unable to predict the motion of the center of mass of

the bubble around this position. As a better approximation one may try to develop an

equation of motion for the center of mass of the bubble. This approach yields an ordinary

differential equation that must be solved together with the RP equation.

Assuming potential flow of an incompressible ideal fluid, the equation of motion of a

sphere in the liquid has the form, see [65, 64]

M
∂u

∂t
+
∂P

∂t
=
∑

F, (3.46)

where M is the mass, u is the velocity of the sphere, P is the momentum of the liquid

dragged by the moving object, and
∑

F is the net ambient force on the sphere. Since the

flow far from the sphere is zero, P is a finite quantity, that can be calculated by solving

the Laplace equation. For a sphere of radius R the calculation results in P = ρl(2/3)πR3u

(see exercise 1. in § 11 of [65]). Evaluating the time derivative of P yields

∂P

∂t
=

2

3
πρ
∂(R3u)

∂t
= 2πρR2Ṙu+

2

3
πρR3∂u

∂t
. (3.47)

For a sphere with a constant radius the first term in equation (3.47) is zero, however in

our case its contribution must be considered. The expression ρl(2/3)πR3 in the second

term of (3.47) is called the added mass which corresponds to the liquid that is dragged

by the moving sphere. As a consequence of the bubble’s volumetric oscillations the added

mass also oscillates during the acoustic period. The ambient forces on the bubble are

again the Bjerkness and gravitational forces. Viscosity can be taken into account through

the Stokes formula valid for gas bubbles (see exercise 2. in § 20 in [65]), and using the

extension by Oseen (see equation (20,17) in [65]).

Fν = −4πuρlνR

(

1 +
3

8

|u|R(t)

ν

)

. (3.48)
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In the radial direction there is no constant ambient force, thus the bubble after some

oscillations eventually stabilizes at (r = 0). More interesting is the motion in the vertical

direction. For this case the equation of motion for the bubble center of mass is

(Mg +
2

3
πρR3)

∂u

∂t
+ 2πρR2Ṙu = (3.49)

−Pa
4

3h
π2 sin

(

πz

h

)

sin(ωt)R3 +
4

3
πρlgR

3 − 4πuρlνR

(

1 +
3

8

|u|R(t)

ν

)

,

where u = ż and Mg is the bubble mass calculated using the reduced van der Waals

equation of state

Mg = Nµ =
(

P0 +
2σ

R0

− Pv

)

4

3
π(R3

0 − a3)
µ

kT
(3.50)

Above N is the number and µ is the mass of molecules or atoms. In most of the acoustic

cycle the mass of the gas can be neglected in comparison with the added mass, but close

to the minimum radius the situation reverses.
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Figure 3.7: The radius-time curve (top) and the position above the pressure antinode of the

center of mass of a bubble that approaches its steady levitation position (bottom), for 5 acoustic

cycles.
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Figure 3.7 shows how a strongly forced bubble approaches its steady levitation posi-

tion. As can be seen the solutions to equation 3.49 show staircase-like motion. Most of

the displacement occurs at the instant of the minimum radius, where both the inertia due

to the added mass and the viscous damping term are the smallest. After many acoustic

cycles the bubble’s center of mass converges to a stable levitation position. The conver-

gence is rather slow, even if the initial value for z was chosen to satisfy equation 3.45, still

the process involves hundreds of periods to reach a steady state.

In Fig. 3.8 we show the steady state solutions of equation 3.49 after the subtraction

of the average levitation positions 〈z(t)〉. These figures indicate the relative movement of

the bubble’s center of mass at different values of Pa and R0 that were chosen from the

parameter space of SBSL. As can be seen the average levitation positions are in fairly good

agreement with those found from equation 3.45 however they are not the same (compare

the values of the following table).

Pa [bar] 1.2 1.3 1.4 1.5

R0 [µm] 3 4 5 6

z∗ [µm] 44.72 62.023 88.12 142.78

〈z(t)〉 [µm] 45.04 62.47 88.80 140.17

Table 3.1: The average levitation positions 〈z(t)〉 found from the steady state solutions of

equation (3.49), and the values obtained from the time-averaged force balance condition using

equation (3.44). The dynamical parameters are indicated in the first and second row of the table,

while the other parameters entering the RP equation were the same as given in the caption of

Fig. 3.6.

One can observe that the most violent accelerations again occur at the instants of

minimum radii of the main collapse and subsequent after-bounces. It is also apparent

that the oscillation of the center of mass is on the order of nanometers and the magnitude

increases with the pressure amplitude and the ambient radius. In the case of the top

figure in 3.8 the relative movement is on the atomic scale (≈ 12 Ångströms), which is

much smaller than the radius of the bubble even at its minimal value (Rmin ≈ 0.34µm

for this case). At such small scales the continuity assumption of hydrodynamics is not

necessarily valid, thus one should think of these results as rough approximations giving

the orders of magnitude of the oscillations. Especially details on the figures that are

smaller than atomic distances should be treated with care (The radius for an Argon atom

is ≈ 0.098 nm, while the diameter of a water molecule is around 0.22 nm). At higher

pressure amplitude and ambient radius values the magnitude of the oscillation increases.

In the bottom picture of Fig. 3.8 the magnitude is around 80 Ångströms, thus this result

should be more reliable.
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Figure 3.8: Steady-state solutions of equation 3.49 indicating the oscillations of the center of

mass around the average levitation position 〈z〉. The dynamical parameters together with 〈z〉

are shown in the corner of the figures, while the rest of the parameters were the same as in Fig.

3.6
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3.3.3 Implications for sphericity

If a sphere moves in a liquid, the pressure on its surface P (θ) will show angle dependence.

The angle θ in our case is defined by the points AOB, where O is the center of the sphere,

B is a given location on the surface, and A is the upper pole of the sphere. In the case

of a potential flow the angle dependence can be calculated (see exercise 2 in § 10 of [65]),

and the result is

P (θ) = ρl

(

u2

8
(9 cos2 θ − 5) +

R

2
cos θu̇

)

. (3.51)

Another analytical formula can also be derived for the case of steady movement in a

viscous liquid (see § 20. and exercise 2. in the same paragraph in [65]).

P (θ) = η
u cos θ

R
(3.52)

For a gas bubble the angle dependent pressure implies that the surface will be distorted

from being a perfect sphere. A counter-acting pressure is provided by surface tension

that tries to smooth the deviations. On a given point of the interface the pressure due to

surface tension is given by the Laplace formula

Ps = σ
(

1

R1

+
1

R2

)

, (3.53)

where R1 and R2 are the main curvature radii of the interface at that point. For a spherical

bubble R1 = R2 = R at all points. The deviations from sphericity can be expressed in

the Laplace formula by Ps = σ(1/[R + ǫ1(θ)] + 1/[R + ǫ2(θ)]). Note that because of the

rotational symmetry around the axis OA, ǫ1 and ǫ2 depend only on the angle θ. Assuming

that the quantities ǫ1, ǫ2 are small compared to R the expression for the surface pressure

can be Taylor-expanded. Neglecting terms that are higher than first order in ǫ the surface

pressure can be expressed as

Ps = σ
2

R
− σ

ǫ1 + ǫ2
R2

. (3.54)

Above the first term is the isotropic component that was already accounted for in equation

(3.36), and the second term is the anisotropic part that must be equalized with the angle-

dependent pressure due to bubble movement P (θ). Neglecting the inertia associated with

the development of shape distortion one may write

P (θ)
R

σ
=
ǫ1 + ǫ2
R

. (3.55)

Because of the rotational symmetry around the axis OA, on the upper and lower poles of

the bubble (θ = 0, π) one has ǫ1 = ǫ2. From expressions (3.51,3.52) it is apparent that the

highest deviations can be expected at the poles, while on the equator P (θ = π/2) = 0.
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Figure 3.9: The temporal behavior of the bubble radius (continuous line), the position of the

center of mass (dashed line), the absolute value of the pressure due to bubble movement at the

upper pole (dotted line), and σ/R(t) (dot-dashed line) at the few nanoseconds near the instant

of minimum radius. These curves correspond to the case with Pa = 1.3bar and R0 = 4µm in

Fig. 3.8. At the instants where the dotted line is above the dot-dashed line the bubble can not

be considered spherical.

Based on equation (3.55) we chose the following expression for the condition of consider-

able shape distortion

|P (θ = 0)| ≥
σ

R
. (3.56)

Although the results of the previous subsection revealed oscillations of the center of mass

at so small scales, that for some cases the validity of the continuity assumption of hy-

drodynamics is questionable, nevertheless let us carry on the analysis of sphericity of a

sonoluminescing bubble along these lines. A closer look at the motion of the center of

mass in Figs. 3.8 reveals that among the expressions (3.51,3.52) by orders of magnitude

the dominant angle dependent term is ρl(R/2) cos θu̇. For this reason when evaluating

condition 3.56 we identify the angle-dependent pressure due to bubble movement solely

with P (θ) ≡ ρl(R/2) cos θu̇. The magnitude of |P (θ = 0)| has its maximum near the

instant of the minimal radius, where also the light emission occurs (see Fig. 3.9). As

can be seen in Fig. 3.9 near the minimal radius the condition (3.56) is fullfiled. This

implies that the bubble is considerably shape-distorted when it emits out light, while in

the rest of the acoustic cycle the bubble is essentially spherical. Similar conclusion can

be drawn for all the cases of Fig. 3.8. This finding is in qualitative agreement with the

experimental investigations that reported anisotropy in the light emission of stable sono-

luminescing bubbles, which is attributed to the loss of spherical symmetry at the instant

of light emission (see [127, 79, 21, 22]). Although it is possible to obtain a formula for the

bubble shape from the simplified model above, however for quantitative predictions it is

not expected to be reliable, since it uses equations that were derived under the assump-
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tion of sphericity, and the inertia associated with the development of shape distortions

was not taken into account. Nevertheless it shows the importance to consider the effect

of translational motion of the bubble in the investigation of shape distortions.

3.4 Shape instabilities

In the previous section we showed that the translational motion of the bubble may lead

to the distortion of the spherical shape. Possible other sources of shape distortion include

processes like thermal fluctuations of molecules at the liquid-gas interface [10, 40, 2],

nonuniform pressure-gradient at the bubble wall due to excited higher harmonics of the

acoustic resonance frequency [55] or due to the passage of a refocused shock-wave in the

liquid [53, 92].

In the present section we analyze the growth or decay of a small initial shape-distortion

during the forced volumetric oscillations of the bubble. Physically the initial shape-

distortion is attributed to one of the above mentioned processes, however the additional

generation of distortions are not considered in the model, only the time-development of

the existing perturbation. Following various authors the shape distortion of the bubble is

expressed in a form of spherical harmonics expansion

Ŕ(t, θ, φ) = R(t) +
∞
∑

n=2

m
∑

−m

am
n (t)Y m

n (θ, φ), (3.57)

where Y m
n (θ, φ) is a spherical harmonic with m and n denoting its degree and mode

respectively, and am
n is the corresponding amplitude. In the linearized case (|am

n | ≪ R)

the amplitudes are uncoupled and their dynamics can be approximated by a degree-

independent equation [96], thus in the followings the superscript m is dropped. For each

mode the time evolution of a distortion amplitude is governed by an ordinary differential

equation. In the literature one can find equations for this problem that may differ in some

small details (see e.g. [96, 136, 77]), among these we choose the form that is equivalent

to the variant of reference [77]

än +Bn(t)ȧn + An(t)an = 0 (3.58)

with the coefficients

Bn = 3Ṙ/R+

(

n(n + 2)2

1 + 2δ/R
− βn

)

2ν

R2

/(

1 +
n+ 1

n

ρg

ρl

)

, (3.59)

An =





βnσ

ρlR3
+





(n− 1)(n+ 1)

n

ρg

ρw
− (n− 1)





R̈

R

+
2νṘ

R3



βn −
n(n− 1)(n+ 2)

1 + 2δ/R









/(

1 +
n + 1

n

ρg

ρl

)

, (3.60)



38 CHAPTER 3. THEORETICAL ASPECTS RELEVANT FOR SBSL

where βn = (n− 1)(n+ 1)(n+ 2), and the symbols ρl, ρg stand respectively for the liquid

and gas density. The above model neglects the viscosity of the gas, and treats the contri-

bution of vorticity to the effect of liquid viscosity in a boundary-layer approximation. In

equations (3.59,3.60) δ is the thickness of the boundary layer, that is commonly expressed

as δ = min(
√

ν/ωd, R/2n) (see [10, 40]). For liquids with small kinematic viscosity ν

the contribution of vorticity can be neglected in comparison with the other viscous terms,

which corresponds to the limit of δ = 0. Comparisons with experimental data in reference

[136] suggest that for SBSL in water the choice of δ = 0 provides the best agreement. For

this reason in all the following shape instability calculations we used this approximation.

The mode n = 1 describes the spatial translation of the bubble as a whole in the

absence of ambient forces. Indeed, setting n = 1 in the coefficients (3.59),(3.60) and

multiplieing equation (3.58) by (2/3)πρlR
3 recovers the left hand side of equation (3.49)

precisely, and also produces a viscous damping term similar to the Stokes formula. The

higher modes n ≥ 2 describe the case of shape distortion, with n = 2, the oblate-prolate

mode being the most relevant for defining the region of spherical stability in SBSL.

Three kinds of instabilities are distinguished from the solutions of equation (3.58)

(see Fig. 3 of [40]). These act on different timescales, and are called parametric, after-

bounce and Rayleigh-Taylor instabilities. During parametric instability an initial small

shape-distortion accumulates and grows over several acoustic periods on the timescale of

milliseconds until its amplitude becomes comparable to the size of the bubble. A bubble

is called after-bounce unstable if the amplification of distortion can overwhelm the the

bubble during the instants of after-bounces, but the amplitude of the distortion does not

grow from period to period. The timescale of this instability is microseconds. Finally

during Rayleigh-Taylor instability the amplitude of the initial distortion grows to the size

of the bubble on the nanosecond timescale of the main collapse.

To find the stability region equations (3.58,3.59,3.60) must be solved together with the

RP equation, and expressions for ρl and ρg have to be specified. It is customary in the

literature to treat ρl as a constant and to neglect the gas density by setting ρg = 0 (see

e.g. [10, 40, 131, 38, 97]). Although these choices are well justified in most of the acoustic

cycle, and therefore they are useful to calculate parametric instability, however during

the collapse they are invalid, making the study of the Rayleigh-Taylor and after-bounce

instabilities a difficult task. In a sonoluminescing bubble close to the minimum radius the

density of the gas can reach and even exceed the density of water at ambient conditions

(see Fig. 1 of [136]). To account for this, we model the gas density with the expression

ρg(t) =
Nµ

V (t)
=
(

P0 +
2σ

R0
− Pv

)

µ

kT

(R3
0 − a3)

R(t)3
, (3.61)

where N is the number and µ is the mass of the gas atoms or molecules (for argon

µ = 0.04/6.02 · 1023 kg), and k is the Boltzmann constant. Several authors investigated
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the effect of changing gas density on the onset of Rayleigh-Taylor instability, and found

considerable suppression in the refined models [2, 136, 77]. Still the issue is not settled,

since all these models used a constant water density, and versions of the RP equation

that account for the liquid compressibility in the zeroth or first order. At the last stages

of the collapse compressibility effects become important, and water density at the bubble

wall can no more be approximated by its ambient value. For this reason here we focus

only on parametric instability of the n = 2 mode, and study how the region of instability

in the (Pa, R0) parameter space is affected by changing the water temperature, ambi-

ent pressure, and acoustic frequency. Figure 3.10 shows the results of solving equations

(3.58,3.59,3.60,3.61) together with the RP equation for 14 acoustic cycles. In the first 10

cycles we solved only the RP equation to make sure that the bubble oscillations reached a

steady state. After this an initial condition of a2(0) = 1 nm is set, and its time evolution

is tracked for 4 cycles. If during this time the condition of |a2(t)| ≥ R(t) is reached, then

the bubble is assumed to break up. If not otherwise noted the simulations used the values

of the material constants of water at T = 20oC, P0 = 1 bar, ω/2π = 20 kHz, gas material

constants appropriate for Argon, and γ(t) of ref. [45] that changes between 1 and 5/3.

As can be seen in Fig. 3.10 decreasing the water temperature results in the shift of the

boundary of instability to higher ambient radii, thus bigger portion of the parameter space

becomes accessible for SBSL (see also references [42, 41] for similar investigations). This

effect can be attributed to the temperature dependence of viscosity and surface tension.

Both of these quantities play a stabilizing role in equation (3.58) and their value increases

toward lower water temperatures (see Fig. A.1 of APPENDIX A).

The results for acoustic frequency dependence (cases g,h,i in Fig. 3.10) indicate that

the stability boundary shifts to higher Pa and R0 values as the frequency is decreased.

The same qualitative behavior was found in the previous investigations by Hilgenfeldt et

al [46] and ,Prosperetti etal [97]. Reference [46] also provides an argument for the resulted

frequency dependence, that for brevity will not be repeated here.

Finally cases d,e,f of Fig. 3.10 show that the effect of increasing the ambient pressure

results mainly in a shift of the stability boundary along the Pa axis to higher pressure

amplitude values. To the best of our knowledge there is no other investigation of ambient

pressure dependence in the literature. As can be seen the change is quite drastic, thus

one may expect that in experiments the influence of the ambient atmospheric pressure

corresponding to different weather conditions will be non-negligible.

To go beyond the present sourceless models of shape instabilities toward more realistic

approaches we suggest to derive forcing terms based on the physical sources of shape

distortions, and to find among them the dominant processes. These forcing terms would

constitute the right-hand side of equation (3.58). In the beginning of this section we listed

some of the possible physical processes, that can generate distortions. So far among them
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(a) T = 1oC (b) T = 20oC (c) T = 40oC

(d) P0 = 0.7 bar (e) P0 = 1 bar (f) P0 = 1.3 bar

(g) ω/2π = 10 kHz (h) ω/2π = 20 kHz (i) ω/2π = 30 kHz

Figure 3.10: The dependence of the region of parametric shape instability of the n = 2 mode

(shaded area) on the temperature (a,b,c), ambient pressure (d,e,f) and excitation frequency

(g,h,i). Additional information is given in the text.
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only the effects of thermal fluctuations were considered [2], however this process might

not be the dominant source. Indeed, experiments of Holzfuss et al [53] show that for

instance the influence of the refocusing shockwave, emitted by the bubble in the previous

period, may be so strong that it can kick the bubble through space as it passes it. Micro-

gravity experiments of Matula et al [86] find enhancement of light emission, that can

be attributed to the absence of perturbation caused by the translational motion of the

bubble in zero gravity. This suggest that the source of shape distortion associated with

the translational motion of the bubble is also non-negligible.

3.5 Diffusive stability

The purpose of the present section is to deal with the role of mass diffusion in the con-

text of the stability of spherically oscillating bubbles. Instead of detailed derivations we

rather point the sources in the literature, and present the minimal model that can be

used to calculate points in the (Pa, R0) parameter space where a bubble is in stable or

unstable diffusive equilibrium. The importance to consider the effects of diffusion in bub-

ble phenomena in particular for SBSL is that dissolved gas concentration of the liquid

is an experimentally controllable parameter, that together with the excitation frequency,

pressure amplitude and liquid temperature determines the ambient radius of the bubble.

The local mass concentration of the gas in the liquid obeys the spherically symmetric

advection diffusion equation (see e.g. [64, 103])

dC(r, t)

dt
=
∂C(r, t)

∂t
+ v

C(r, t)

∂r
= D

1

r2

∂

∂r

(

r2∂C(r, t)

∂r

)

, (3.62)

where v is the value of the velocity field at a radial position r, and D is the diffusion

constant (for argon D = 2× 10−9m2/s). Close to the bubble wall the motion of the fluid

can be considered incompressible, thus similarly as in section 3.2 the continuity equation

yields v(r, t) = (ṘR2)/r2, where R is the radius of the bubble, and Ṙ is the velocity of its

wall. Inserting this expression into (3.62) results in

∂C(r, t)

∂t
+
ṘR2

r2

C(r, t)

∂r
= D

1

r2

∂

∂r

(

r2∂C(r, t)

∂r

)

, (3.63)

The above equation must be solved together with the RP equation. Note that in this

problem the R0 parameter of the RP equation is time-dependent, since it is connected

with the mass of the bubble through expression Ṁg = 4πR2D ∂C(r,t)
∂r

∣

∣

∣

r=R(t)
and equation

(3.50). Since 3.63 is a partial differential equation, the initial and boundary conditions also

have to be specified. Initially the gas concentration at every location in the liquid chosen

to be the value set during the degassing procedure C(r > R, t = 0) = C∞ (see section

4.3 for details). Far from the bubble the concentration stays constant C(r = ∞) = C∞,



42 CHAPTER 3. THEORETICAL ASPECTS RELEVANT FOR SBSL

while at the bubble wall the liquid is assumed to be in thermodynamic equilibrium with

the gas, and the concentration is given by Henry’s law

C(r = R) = C0(T )
Pg

P ∗
0

, (3.64)

where Pg is the gas pressure given by equation (3.39), P ∗
0 = 1 atm is the standard atmo-

spheric pressure, and C0(T ) is the equilibrium mass concentration at ambient pressure of

1 atm and temperature T . The particular value of C0(T ) for a given gas can be calculated

from tabulated molecular mass and solubility data (see APPENDIX A). Studies of the

role of thermal conduction [57, 15] show that the temperature at the bubble wall is to a

good approximation can be taken to be the ambient liquid temperature, thus the value

of C0(T ) has to be chosen accordingly.

Although the diffusive problem as sketched above can be solved with extensive numer-

ical calculations (see for instance [40]), however for steady-state solutions this method is

highly inefficient. Alternatively one can use an approximation that is based on the separa-

tion of timescales. In this approach the fast timescale of bubble oscillations are averaged

out from the time-variation on the longer diffusive timescales [24, 27, 73, 11, 40, 103].

The asymptotic solution of this approximate model yields an expression for the variation

of R0 (see for instance equation (35) of [40], from which the condition of steady state is

C∞

C0(T )
=

∫ Ta

0 PgR(t)4dt

P ∗
0

∫ Ta

0 R(t)4dt
, (3.65)

where Ta is the acoustic period. Experimentally the gas concentration C∞ is set previously

by maintaining a given partial pressure of gas in connection with the liquid, until the

gas-liquid system reaches thermodynamic equilibrium (see section 4.3 for experimental

details). From Henry’s law the resulting mass concentration is

C∞ = C0(Td)
Pi

P ∗
0

, (3.66)

where Pi is the partial pressure of the given gas and Td is the liquid temperature valid

during the degassing procedure. Finally the condition of diffusive equilibrium is

Pi
C0(Td)

C0(T )
=

∫ Ta

0 PgR(t)4dt
∫ Ta

0 R(t)4dt
, (3.67)

The dynamical parameters corresponding to the diffusive equilibrium can be found indi-

rectly. One has to solve the RP equation in a wide range of Pa and R0 at a reasonably

good resolution, and calculate numerically the integrals of equation 3.67. Finally the

equilibrium (Pa, R0) values that satisfy the condition (3.67) are found by interpolation.

It is apparent from equation (3.67) that the dynamic parameters of diffusive equilibrium

are independent of the diffusion constant D. This feature results from the approximation
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Figure 3.11: Lines of diffusive equilibria in the (Pa, R0) parameter space for various values

of Pi/P
∗
0 , indicated by the labels. The curves were calculated using equation 3.67 with the

assumption that the temperature during the degassing (Td) equals the ambient temperature

during the oscillations of the bubble. The additional parameters entering the RP equation were

the same as in the caption of Fig. 3.6

that was used in solving equation (3.63). In fact equation (3.65) is correct only in the

limit of zero diffusion constant, however detailed comparison with the solutions of the

full partial differential equation (3.63) (see reference [40]) show that the deviations are

smaller than the current experimental resolution, thus the approximate solutions are ad-

equate for practical purposes. It is also apparent that if the bubble is driven at the same

temperature as the degassing was made (T = Td), then the results are independent of the

solubility of the gas, and only the partial pressure during the degassing (Pi) is relevant.

For different values of Pi/P
∗
0 Fig 3.11 shows points in the (Pa, R0) parameter space,

where diffusive equilibrium is achieved. In the calculations it was assumed that the

ambient temperature equals the temperature during the degasing. As can be seen for a

given Pi the points of diffusive equilibrium constitute a line. The diffusive equilibrium at

a given point in Fig 3.11 is stable (unstable) if the slope of the equilibrium line at that

point is positive (negative). More precisely the condition of stability (instability) is β > 0
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(β < 0) [40], where

β =
d
(

∫ Ta

0 PgR(t)4dt
)

dR0
, (3.68)

and Pg is given by equation (3.39). As can be seen stable diffusive equilibria can be

achieved only for low values of Pi/P
∗
0 , which is equivalent to a high degree of degasing.

The results of Fig. 3.11 are also important from the point of view that if one sets the

concentration of dissolved gases in a liquid, and is able to measure the pressure amplitude,

then the corresponding value of the ambient radius is determined by the criterion of

diffusive stability. In chapter 5 we will show that if in addition chemical stability is also

considered, then this observation can be exploited to develop an experimental method for

the deduction of the dynamical parameters Pa and R0.



Chapter 4

Description of the experimental

setup and procedures

This section describes the parts of the minimal experimental setup that is required for a

reproducible generation and maintenance of a sonoluminescing bubble. It also describes

the various procedures associated with the experiments. The minimal setup consists of

an acoustic resonator, a waveform generator, signal amplifier, and a degassing system for

liquid preparation. We shall describe in more detail the setup, since most of the apparatus

used are not available commercially and thus had to be designed and manufactured for

our selves.

4.1 The acoustic resonator

Figure 4.1 illustrates the resonator that we used in our measurements, and figure 4.2 shows

the drawings necessary for its reproduction. The resonator consists of two aluminum end-

caps that hold in between a 2mm thick quartz-glass cylinder (the transmission of 2mm

quartz is 0.9 for 220nm, and 0.4 for 190nm ultra-violet light).The plates are tightened to

the glass by steel rods and screws, and the sealing is accomplished by flat rubber rings

between them. For acoustic insulation the resonator stands on rubber feet. The filling

tubes and the PZT transmitters (PZ-26, see [25] for specifications) are glued to the end-

caps by a 5 minute two-component epoxy. The screws were used instead of a permanent

mounting, because from time to time the inside of the resonator had to be cleaned. This

design also allows to experiment with different frequencies by varying the height of the

glass cylinder. During measurements always the lowest resonance was excited, and the

resonance frequency was obtained by the following experimental procedure. The approx-

imate lowest mode was calculated from equation (3.22), then a light emitting bubble was

initiated at that frequency. After this, at constant excitation level the frequency was

45
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Figure 4.1: The schematics of the resonator used in the measurements of this thesis

fine-tuned to a value, where the bubble was brightest to the eye, or the PMT output was

maximal. Table 4.1 summarizes the properties of the cylinders used, and compares the

theoretically (fth) and experimentally (fe) obtained resonance frequencies for a few cases.

As can be seen equation (3.22) provides a useful estimate for the resonance frequency.

h[cm] R[cm] T [oC] fth [Hz] fe [Hz]

6 3.05 23 22461 22550

6 3.05 22.5 22453 22700

Table 4.1: Height (h) and inner radius (R) of the glass cylinder, and the theoretical and

experimental resonance frequencies

The degree of tightening the screws together with the actual atmospheric pressure

determines the damping of the resonator. The amount of damping influences the Q-value

of the resonator as well as its resonant frequencies and also the phase between the voltage

subjected on the PZT transmitters and the resulting pressure near the bubble. Thus we

had to work with the side-effect that the quantities mentioned above changed slightly each

time the resonator was taken apart, or the ambient conditions (pressure, temperature)

changed considerably. Another technical detail is that for a satisfactory sealing the flat

rubber rings were lubricated by high vacuum grease. To test if this treatment had an

influence on the properties of the water in the resonator, we performed direct viscosity
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and surface tension measurements. The results show that within the accuracy of the

instruments (∆ν ≈ 10−7m2/s, ∆σ ≈ 1.5 · 10−3N/m) no deviation could be measured

from the tabulated values of viscosity and surface tension.
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Figure 4.2: The exact dimensions of resonator parts. The left drawing shows the lower end-cap

of the resonator. The electrode used for bubble generation is mounted through one of the 3mm

diameter holes, while the other is used for water filling. The upper end-cap is similar, except

that it has only one 3mm diameter hole in it. To fit the silicon tubes, an aluminum filling tube

stump (shown on the upper right corner) is fitted on each of the end-caps. Flat rubber rings are

used for sealing between the end-caps and the glass cylinder.

4.1.1 Making bubbles

The bubble generation was accomplished by electrolysis using a pair of gold-plated elec-

trodes, that were mounted in the lower end-cap. The electrodes had to be gold plated to
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prevent the contamination of the water by various oxides. For an efficient bubble gen-

eration the driving of the PZT transmitters had to be turned off, and a DC voltage of

≈ 30 V connected to the electrodes for a few seconds. To observe the creation of bubbles

the resonator was back-lighted by a lamp of variable light intensity. If the bubbles formed

were sufficiently big, then the buoyancy force could drag them away from the electrodes.

After observing this the bubble can be stabilized near the pressure antinode of the res-

onator by carefully increasing the driving. At the creation the bubbles contain hydrogen

and water vapor. The initial hydrogen content quickly diffuses out, while air diffuses into

the bubble.

4.2 Driving setup

�����
�����
�����
�����

�����
�����
�����
����� PZT1

PZT2

R1 L

Upzt

R2

R3
22.5 amplifier

HP−33120A

Figure 4.3: The apparatus used to drive the acoustic resonator. The driving signal of the

waveform generator after amplification goes into a tuning circuit shown with dashed line. The

tuning circuit consists of a coil characterized by the ohmic resistivity (R1) and a variable induc-

tance (L). The value of L is chosen to produce electronic resonance with the piezo transmitters

(PZT1, PZT2). The voltage on the transmitters can be monitored by a voltage divider (R2, R3)

To achieve the pressure amplitudes used in SBSL, the PZT transmitters have to be

subjected to a sinusoidal driving voltage with an amplitude order of magnitude 100 V.

At ultrasound frequencies such high voltages can be produced either by expensive linear

amplifiers, or by the setup sketched in Figure 4.3 Here the waveform generator (HP-

33120A) is used in sine wave mode and gives out a signal with an amplitude on the order

of 1 V. This signal can be amplified approximately 10 times by a Hi-Fi amplifier (in our

case the amplifier was custom made). Finally the output of the amplifier goes into a

serial resonance circuit consisting of an inductor with a variable inductance and the PZT

transmitters of the acoustic resonator. From electronic point of view the PZT transmitters

act as capacitors. The inductance must be tuned to develop voltage resonance at the

desired acoustic frequency. The Q-value of the electronic resonance is affected by the

ohmic resonance of the circuit. With small resistance (high Q-value) considerably higher

voltages can be achieved, however in this case the system will be more sensitive to changes

in the driving frequency, thus one have to make a compromise between sensitivity and



4.3. DEGASING SYSTEM 49

effectiveness. The driving voltage subjected to the PZT transmitters can be monitored

on an oscilloscope by using a voltage divider (1:1000), made of two high resistors.

4.3 Degasing system

Figure 4.4: The schematics of the degassing equipment. The arrows indicate points where the

resonator can be detached from the system.

The system for liquid preparation is shown in 4.4. We use a peristaltic pump capable of

producing vacuum as low as 8 mbar (the vapor pressure at 20 oC is arround 23 mbar). The

gas pressure inside the system is measured by an active strain gauge ASG-1000 (pressure

range 1 to 1000 mbar, accuracy ±0.2% full scale), while the ambient pressure is measured

by another gauge not shown in Fig. 4.4 (Wenzel-electronics piezo vacuum transmitter,

range 0.1 to 2000 mbar, accuracy ±0.5%. The source of the inaccuracy of the Wenzel

piezo pressure gauge is the linearity error, which is the greatest at the half of the pressure

where it was span adjusted. The Wenzel piezo gauge is span adjusted at 1000 mbar, and

the typical linearity error at 500 mbar is ±1 mbar. The zero of both pressure gauges were

calibrated to a vacuum produced by a high-vacuum rotation pump and their performance



50 CHAPTER 4. DESCRIPTION OF THE EXPERIMENTAL SETUP AND PROCEDURES

was also compared to local meteorological data.

The system contains 3 high vacuum valves, where the opening of the valve labeled

1. can be fine adjusted, while valves 2. and 3. are ON/OFF types. To accelerate the

establishment of the desired gas concentration, the water is stirred by a magnetic stirrer,

while the reservoir is kept at a constant lab temperature by blowing air on it from a

ventilator (not shown in Fig. 4.4)

4.3.1 Detailed degassing procedure

Prior to degassing the glass reservoir is filled with the desired liquid. In the measurements

reported in this thesis we used distilled, deionized water. After filling the temperature of

the liquid Tl is measured by a thermo-couple (accuracy 0.1oC) and the ambient pressure

P0 is measured by the Wenzel piezo gauge and both quantities are noted down.

Initially the system looks like as indicated in Fig. 4.4, with all the valves completely

open except the glass valve on the reservoir, which should be closed. After this the

peristaltic pump is turned on, and the opening of valve 1. is fine adjusted until the

display of the active strain gauge indicates a pressure Pm = Pair +Pv(Tl). Here Pair is the

desired partial pressure of air that we want to set, and Pv(Tl) is the vapor pressure of the

liquid at the measured liquid temperature. Next the magnetic stirrer and the ventilator

are turned on, and the liquid is stirred for at least 40 minutes with continuous operation

of the pump. Sometimes the reservoir must be shaken a bit to get rid of small bubbles

that stick to its inner wall. During the stirring the thermodynamic equilibrium establishes

in the air-liquid system and in this case the dissolved gas concentration in the liquid can

be calculated from Henry’s law

Ci = Ci
0(T )

Pi

P ∗
0

, (4.1)

where the index i refers to the main components of air, i.e nitrogen, oxygen, and argon,

and Ci
0(T ) is the equilibrium dissolved concentration of the gas component at P ∗

0 = 1 atm

(1.01325 bar) and liquid temperature T valid during the preparation. Due to chemical

reactions the composition of air bubbles in the light emitting regime is reduced to the

inert gas content and water vapor [74, 75, 121]. For these bubbles the relevant quantity

is the argon concentration CAr, which is given by

CAr = CAr
0 (T )

PAr

P ∗
0

. (4.2)

Atmospheric air contains about 0.93% argon, thus the partial pressure of argon is PAr =

0.0093Pair. The values of Ci
0 and their temperature dependence are given in APPENDIX

A. After the 40 minutes of stirring still with the operating pump the glass valve of the

reservoir is carefully opened, and the resonator is filled using gravity flow. Care must be
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taken that no bubble should stick to the resonator walls. After the resonator is full, the

glass valve of the reservoir and the plastic valve are closed and the pump is turned off.

Finally the resonator can be detached from the degassing system and can be placed in

the measurement setup. In this method the precision of final dissolved gas concentration

is limited by the stability of the pump to maintain a constant reduced pressure above the

liquid ∆Pair ≈ 2 mbar.
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Chapter 5

A novel experimental technique to

measure the parameters of the

bubble dynamics

5.1 Motivation

In order to validate theories of SBSL it is crucial to be able to measure several important

parameters, such as the pressure amplitude near the bubble Pa, the ambient radius R0,

or the radius-time curve R(t) in an acoustic period. Previous methods to measure these

quantities are variations of Mie scattering technique [6, 69, 128, 129, 33], direct imaging

of the bubble [118], differential light scattering [122] and a method based on Doppler

effect [23]. The common factor in these methods is that each of them requires a rather

sophisticated and expensive experimental setup including lasers, precision optics, and

high-speed cameras. Moreover each of these methods are invasive, i.e. they involve

external action in the measuring process (e.g. laser or back-lighting), which may disturb

the measurement of some other features of SBSL. The quantity Pa can also be measured

directly by a needle hydrophone, however, because of the intrusive nature, high cost and

relatively low precision of this, Pa is usually deduced from fitting measured R(t) curves

to the solutions of the Rayleigh-Plesset equation which describes the dynamics of the

bubble’s volumetric oscillations.

These methods confirmed several theoretically predicted features of SBSL, for example

that stable light emitting bubbles obey diffusive and chemical stability [51, 31, 59]. Based

on these facts a new technique to deduce Pa, R0 orR(t) can be developed. In the followings

we present the method in detail, point out its advantages and limitations and compare

its results with Mie scattering.

53
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5.2 Description of the fitting technique

The technique is based on the following assumptions:

1. assumption The dynamics of the bubble wall R(t) is well described by the Rayleigh-

Plesset (RP) equation

RR̈ +
3

2
Ṙ2 =

1

ρ
[Pg(R(t)) − Pf (t) − P0 + Pv]

+
R

ρc

d

dt
[Pg(R(t)) − Pf(t)] − 4ν

Ṙ

R
−

2σ

ρR
, (5.1)

where Pg is the uniform gas pressure inside the bubble, Pf = −Pa sin(ωt) is the forcing

pressure with angular frequency ω, P0 is the ambient pressure valid during the measure-

ments, and the remaining parameters are material constants of the host liquid, e.g. c is

the speed of sound, ρ its density, and ν is the kinematic viscosity. The gas pressure Pg

can be related to R(t) through an equation of state. We use a polytropic van der Waals

equation of state, modified to include the effects of surface tension σ and of vapor pressure

Pv,

Pg(R(t)) =
(

P0 +
2σ

R0
− Pv

)

(R3
0 − a3)γ

(R(t)3 − a3)γ
. (5.2)

Here a is the hard core van der Waals radius of the gas (for argon a = R0/8.86), and γ

is the ratio of specific heats. In most of the acoustic period except the final stages of the

collapse and after-bounces the gas can be considered isothermic [95, 98, 133, 15], thus we

use γ = 1.

2. assumption Bubbles emitting light in a stable fashion contain only inert gases, and

are in stable diffusive equilibrium with the surrounding liquid. This assumption is the

direct consequence of chemical reactions and diffusion, and it was confirmed experimen-

tally in [84, 59, 51, 31]. The points of diffusive equilibrium in the (Pa, R0) space can be

calculated from

CAr/C0 =
〈Pg〉4
P ∗

0

, 〈X〉i =

∫ Ta

0 R(t)iXdt
∫ Ta

0 R(t)idt
. (5.3)

where P ∗
0 = 1 atm is the standard atmospheric pressure and Ta is the acoustic period. For

air in water CAr is the concentration of argon set during the liquid preparation, C0 is the

tabulated dissolved argon concentration of water at the given temperature and ambient

pressure of 1 atm. If the liquid preparation is done by degassing at the same temperature,

then CAr can be calculated from Henry’s law CAr = C0 · 0.0093Pair/P
∗
0 , where Pair is the

partial pressure of air set during the preparation (air contains 0.93 % of argon). The

diffusive equilibrium is stable where the curve in the (Pa, R0) space set by equation (5.3)

is characterized by a positive slope.
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3. assumption The acoustic pressure amplitude Pa at the bubble’s position is directly

proportional to the amplitude of excitation voltage on the piezo transmitters Upzt.

Pa = A · Upzt (5.4)

This assumption is reasonable, when the amplitude of displacement of the resonator walls

can be considered small. As shown in section 3.1, for values typical in SBSL experiments

Pa < 2 bar, this displacement is on the order of micrometers, thus equation (5.4) can be

used safely. We define the dimensionless phase of a flash ξ = tmin/Ta, as the time elapsed

from the beginning of the acoustic period until the bubble reaches its minimum radius

tmin normalized by the acoustic period. The phase ξ that can be calculated numerically

is the sum of the measured phase ξm and of a constant parameter B, that accounts for

possible phase-shift due to electronics and other effects.

ξ = ξm +B, (5.5)

The phase can be measured for instance by displaying the PMT signal of the flashes and

the sinusoidal excitation voltage Upzt on an oscilloscope. Note that the parameters A

and B are the same as introduced in subsection 3.1.4. According to the discussion in the

same subsection the strict validity of assumptions 5.4 and 5.5 requaire the conditions of

constant ambient temperature and pressure.

The detailed procedure is the following. At an experimentally known dissolved gas

concentration, liquid temperature T , ambient pressure and driving frequency one measures

ξm(Upzt) at several excitation levels from the smallest possible light emission to the upper

limit of SL. At high degassing a hysteresis in the lower SL threshold can be observed (see

Lohse and Hilgenfeldt in [75, 121]). In these cases the state with the smallest light emission

should be approached from above to obtain the true values of the lower SL threshold.

After this, equations (5.1), (5.2), (5.3) are solved systematically in a wide range of the

parameters Pa and R0 and the quantities ξ, 〈Pg〉4 /P
∗
0 are extracted from the numeric R(t)

data. From the resulting ξ(Pa, R0, 〈Pg〉4 /P
∗
0 ) data one selects by interpolation a subset for

which 〈Pg〉4 /P
∗
0 equals the experimentally known value of Ci/C0. This subset is the curve

of diffusive equilibrium in the (Pa, R0, ξ) space (see Fig. 5.1). The equilibrium is stable

where dR0/dPa > 0 or equivalently dξ/dPa > 0. The final step is to fit the measured

ξm(Upzt) data to the stable part of the diffusive equilibrium curve in the (Pa, ξ) plane by

adjusting the parameters A and B. This fit is highly constrained by the experimental fact

that for a given dissolved gas concentration the lower limit of SL is linked to the smallest

Pa on the stable diffusive equilibrium curve (see for instance references [59, 51, 31]). After

A and B is found the experimental data points can also be plotted in the (Pa, R0) plane

and in principle R(t) curves and other dynamical parameters such as the expansion ratio

Rmax/R0 are also determined. We stress here that only those parts of the numeric R(t)
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Figure 5.1: The curve of diffusive equilibrium in the (Pa, R0, ξ) space, and its projections on

the (Pa, R0) and (Pa, ξ) planes for CAr/C0 = 0.00135. Stable sonoluminescing bubbles follow

the stable part of this curve (where dR0/dPa > 0, or dξ/dPa > 0). The advantage of using the

quantity ξ is that contrary to R0 it can be easily measured with high precision.

curves contain useful information about the size of the bubble, where the assumption of

isothermicity γ = 1 holds. These include the expansion phase, the maximum radius, and

the initial stages of the collapse, but exclude the region near the minimum radius and

after-bounces.

5.3 Experimental apparatus and the details of the

measurement

To test our method and to compare it with Mie scattering we performed the following

experiment. In a degassing system (described in section 4.3) a distilled water sample

was prepared at a partial air pressure of 0.145P ∗
0 at a temperature of T = 22oC. This

corresponds to an argon concentration of CAr = 0.00135C0. The water was transfered

to the resonator (described in section 4.1) using gravity flow. During the filling the gas

pressure in the resonator was kept at the same level as in the degassing equipment, thus

no air could diffuse in or out of the water. Such a care had to be taken because the

precision of our method is guaranteed only if the gas concentration in the resonator is the

same as set by the water preparation. After this the resonator was placed in a setup (Fig.

5.2) used for recording the SL flashes and the intensities of Mie scattered laser light.



5.3. EXPERIMENTAL APPARATUS AND THE DETAILS OF THE MEASUREMENT 57

Resonator 

Lens

He−Ne laser

PMT

laser pass filter

OM−451

500 Mhz scope

Upzt

100 MHz scope

OM−451

laser block filter
P

M
T

70 o

Figure 5.2: The oscillating bubble was illuminated by a 30mW He-Ne laser, and the scat-

tered laser light was focused by a lens through an aperture into the PMT (Hamamatsu R3478).

Another PMT of the same kind detected the SL flashes. The signals of the PMTs were ampli-

fied and shaped by spectroscopy amplifiers (Ortec-model 451) and visualized together with the

monitored electric signal of the piezo transmitters on digital oscilloscopes (HP-54616C 500MHz,

HP-54600B 100MHz)

The digital oscilloscopes were triggered by the monitored driving signal Upzt. For

each excitation level 54 snapshots of Upzt, scattered laser intensity and SL flashes were

averaged, and the resulting traces were transfered to a PC. The measurement was done at

an excitation frequency of 22700 Hz, the water temperature was T = 21.9 − 22.4oC, and

the external pressure P0 = 1017 mbar. Figure 5.3(a) shows the fitting of the measured

ξ(Upzt) data to the calculated curve of stable diffusive equilibrium at Ci/C0 = 0.00135.

The error of ξ is determined by the jitter in the phase of the flashes ≈ 0.2 µs, thus

∆ξ ≈ 0.0023 (the time resolution was 25 ns), while the error of the pressure amplitude

∆Pa = 0.01463 bar is calculated from

∆Pa = A · 2∆S. (5.6)

The quantity A is the proportionality constant from equation (5.4), and ∆S = 0.001563V

is the vertical resolution of the digital scope corresponding to the 8-bit digitization. Both

the zero-line and the maximum of the Upzt signal are known with a precision of ∆S, thus

there is a factor of two in equation (5.6). Using the calculated ξ(Pa, R0) data and the

values of ξ and Pa from the fit of Fig. 5.3(a) one can plot the measured data points in the

(Pa, R0) plane (see the filled squares with error bars in Fig. 5.3(b)). The errors of ξ and

Pa determine a range of R0 in the ξ(Pa, R0) data, which sets the error bar ∆R0.
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Figure 5.3: The fitting of the measured phases of the flashes to the numerically calculated curve

(a), and the same data (filled squares with error bars) in the (Pa,R0) plane (b). Also in (b) the

left and right triangles correspond to best fits using Mie scattering and the bounding values for

the background signal. The open circles stand for the best Mie fits assuming that equation (5.3)

holds precisely, while the background was allowed to vary between the bounding values. The

open squares indicate best Mie fits of non-light-emitting bubbles at Pa values found from the

new technique, and finally the filled circles are best Mie fits where both Pa and R0 were fitted.

The arrows indicate regions of shrinking and growing bubbles.

5.4 Comparison with Mie scattering

The Mie scattering method is based on the detection of laser light scattered from the

bubble, whose intensity under certain conditions is proportional to the square of the

radius. More precisely the following relation holds

R(t)2 = α(U(t) − Ubg), (5.7)

where U(t) is the output signal of the PMT detecting the scattered intensity, and Ubg is

the background scattered intensity in the absence of the bubble. The square-root of the

recorded intensity is then fitted to a solution of the RP equation, and the desired param-

eters Pa, R0, Rmax, etc. are determined from the best fit. There are several difficulties of

the technique that one must overcome.

1. The scattered intensity has a very strong angle-dependence. This is reduced by

choosing an appropriate angle and by use of a lens that averages out the light from different

angles. In our measurement we used a setup similar to that of Barber and Putterman in

[6].

2. The background scattered intensity is changing on a timescale of seconds because

of small dust particles passing by near the position of the bubble due to a slow convection
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in the resonator. This can be handled partly by using an aperture and a laser beam as

narrow as possible, but can not be eliminated completely.

3. Modification of the excitation level makes the bubble change its equilibrium position

above the pressure anti-node as the averaged Bjerkness and buoyancy forces change (see

section 3.3 and reference [83]). The intensity of the laser light in the cross-section of the

beam is a Gaussian, thus one always has to adjust the direction of the laser, in order to

keep the bubble in the center of the beam. For this reason the proportionality constant

α in equation (5.7) may be different for each excitation level depending on how precisely

one can follow the bubble. Because of this difficulty we fitted the shape of the measured

intensity signals for each excitation level, rather than using a proportionality constant

found from a single fit.

(a) (b)

Figure 5.4: The contour-plots of the error of the fit ∆ for the light-emitting bubble at the

smallest excitation. The background level used in the fitting was Ubg = −0.0011 V in (a), and

Ubg = −0.00175 V in (b). The average noise level on the intensity signal U(t) corresponds to an

error value ∆ = 0.013. Fits with ∆ ≤ 0.013, all look good to the eye.

We used a numeric code that accomplished the fitting automatically in a user defined

range of Pa and R0. The measured U(t) curve was transformed into a normalized positive

signal u(t) = (U(t)−Ubg)/(U
∗−Ubg), where U∗ is the minimum of the negative U(t) which

corresponds to the maximum radius of the bubble. Then a solution of the RP equation

is generated at a given Pa and R0, and the values of Rmax and tmin are extracted from

the numeric radius-time curve. After this R(t) was transformed into r(t) = R(t− tmin +

tumin)/Rmax, where tumin is the time value of the end of the collapse in the measured U(t)

data. This way we got two normalized time series for which the phases corresponding to

the minimum radius were identical. To be able to compare u(t) and r(t) these time series

had to have the same number of elements, thus we interpolated r(t) at time values taken

from u(t). Finally the difference of the signals could be characterized by a single error
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parameter

∆ =
1

Nmin

Nmin
∑

i=1

|r2
i − ui|, (5.8)

where Nmin is the index of the minimum radius. The reason for calculating the error only

until the end of the collapse is that in the after-bounce region the assumption of γ = 1

used in equation (5.2) is not valid anymore. By this strategy for every measured U(t)

curve we obtained the values of ∆(Pa, R0) in a wide range of Pa and R0 and thus the

dynamical parameters appropriate for the smallest error could be identified. Figure 5.4

shows the contour-plots of ∆ for a particular case at two levels of the background. As can

be seen the fits are best along a line in the (Pa, R0) space, and the fitting is very sensitive

to the value of Ubg.

In our measurements the precision of Ubg was constrained by the vertical resolution of

the digital scope and the previously mentioned slow variance due to moving dust particles

to −0.0011 ≥ Ubg ≥ −0.00225 (Volts). For comparison the values of U∗ corresponding

to the maximum radii were −0.05317.. − 0.07742 (Volts). In Fig. 5.4 the points within

the contour ∆ = 0.013 (which equals the noise level on the scattered intensity) determine

the errors of ∆Pa ∼ 0.04 bar and ∆R0 ∼ 0.7 µm. If we also include the uncertainty

of Ubg then the final estimates are ∆Pa ∼ 0.08 bar and ∆R0 ∼ 1 µm. These values

are consistent with the errors given by others [59, 31]. The best fits with the bounding

values of the background are shown in Fig. 5.3(b), where in the case of left and right

triangles the background was Ubg = −0.0011, and Ubg = −0.00225 accordingly. The filled

squares found from the fitting technique of sec. 5.2 in each case lie between the best Mie

fits confirming that these two methods provide identical results within the experimental

uncertainties.

For further confirmation of the assumptions in sec. 5.2 we also fitted the Mie scattered

data by a different strategy, where the background was allowed to vary between −0.0011

and −0.00225, and the R(t) data of the fits had to satisfy equation (5.3) exactly. The best

fits of this strategy are shown as open circles in Fig. 5.3. As can be seen all the circles

are within the error-bars found from the new technique. The quality of these Mie-fits are

also shown individually in Figs. 5.5.

For another independent test to confirm the assumptions of the new technique we also

analyzed measurements of Upzt and Mie scattered data of non-light-emitting ”bouncing”

bubbles. The open squares with error bars in Fig. 5.3(b) show the case where the pressure

amplitudes were calculated from equation (5.4) using the value of A found from the fitting

of the light emitting bubbles. The ambient radii were determined afterwards by best Mie

fits at the prescribed Pa and by using the average Ubg. Then the fitting of the Mie scattered

data was also accomplished by using the same Ubg, but both the Pa and R0 parameters

are allowed to vary, and the information of the Upzt data is not used. The best fits using
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Figure 5.5: The best fits of the normalized u(t) and r(t)2 time series corresponding to the open

circles in Fig. 5.3(b). The parameters of the fit are indicated in the corner of the figures.
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this strategy are (shown as filled circles in Fig. 5.3(b)) in excellent agreement with the

best fits of the previous case. The phase diagram of Fig. 5.3(b) can also be compared

to a measurement of reference [31], where the experimental conditions were quite close

to ours (water was prepared with at a partial air pressure of 0.14 P ∗
0 , and the excitation

frequency was 20.6 KHz. The comparison with Fig. 4 of [31] shows a good quantitative

agreement further justifying our method.

5.5 Variations of the method

The method described in sec. 5.2 can also be used in slightly different forms, where only

a single fit parameter A is used, or without any unknown fit parameter, if the phase

measurement is done with a hydrophone. We will shortly discuss these variations.

1.) If the experimental conditions such as the dissolved gas concentrations, liquid

temperature, ambient pressure, and the material properties of the liquid are known, then

the diffusive stability curve for the inert gas content in the (Pa, R0) plane can be calculated.

The point on this curve with the smallest Pa corresponds to the onset of stable SL (see

sec. IV of [108]). By measuring accurately the value of Upzt at the lower threshold

of SL, the unknown parameter A can be obtained, after which the pressure amplitudes

can be calculated from equation (5.4). After the pressure amplitudes of the data points

are given, the corresponding R0 values are determined by the calculated stability curve.

Although in principle this method should work too, it is still desirable to measure the

phase ξm together with Upzt, because it provides means of testing the self-consistency of

the method and its assumptions. For instance if the dissolved gas concentration changes

considerably compared to the preset level, then the measured data (if precise enough) can

not be fitted to a simulated curve corresponding to the original gas concentration.

2.) With access to a hydrophone, one can measure the phase of the flash compared

to the sinusoidal driving pressure near the bubble without the unknown parameter B.

For this one needs to have the aperture of the hydrophone as close to the bubble as

possible and detect the pressure variations during an acoustic cycle together with the spike

reminiscent of the shockwave launched by the bubble at its minimum radius. Although

the finite propagation time of the shockwave will introduce a small phaseshift, it should

be possible to account for this effect by using a model for shock propagation (as in [53])

and measuring the distance to the bubble either by a pulse-echo method of [84] or by

a microscope as in [82]. From the measured phase and the calculated diffusive stability

curve one can then work backwards and find the corresponding Pa and R0 values. If the

hydrophone is pressure calibrated then the deduced Pa values can also be compared to the

measured Pa, providing a test of self-consistency. This method although highly intrusive

and more difficult to carry out than that described in sec. 5.2 has the advantage that it
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does not involve fitting of unknown parameters, thus could serve as a good additional test

experiment to the original method.

5.6 Conclusion

In this chapter we presented an alternative method for the deduction of important dy-

namical parameters of SBSL, namely the pressure amplitude Pa, the ambient radius R0,

and the expansion ratio Rmax/R0. The method is based on previously confirmed theoret-

ical assumptions and the measurement of the phase of the flashes in the acoustic period

together with the driving signal on the piezo transmitters, and the precise knowledge of

the experimental conditions, especially the dissolved gas concentration in the liquid. We

demonstrated the method by measuring the Pa and R0 parameters of light emitting bub-

bles for a given argon concentration. At the same time measurements of these parameters

were also done by the conventional Mie scattering method, revealing that within experi-

mental uncertainties these two approaches produced identical results. The phase diagram

obtained is in good quantitative agreement with that of reference [31]. The limitation of

the method is that unlike Mie scattering it can not be used to measure non-light-emitting

bubbles, and also unable to measure unstable SL. However the important advantage of

the method is its non-invasive chararcter, and thus the applicability to situations where

the other methods are either impractical or even potentially destructive to use as e.g. in

single photon correlation measurements, or in measuring the parametric dependence of

SBSL spectra. Moreover the technique does not require expensive apparatus other than

a digital oscilloscope and a PMT, and the data analysis is easily automatized.
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Chapter 6

Phase diagrams of single-bubble

sonoluminescence in water

This chapter presents measured phase diagrams of sonoluminescing argon bubbles, and

non-lightemitting air bubbles in water. The parameters of the bubble dynamics of the

lightemitting bubbles were deduced using the experimental procedure, described in the

previous chapter. In the case of the non-lightemitting bubbles and also for a few sono-

luminescing bubbles close to the onset of the light emission the bubble dynamics was

also measured by Mie scattering. This way we were able to test the method of chapter

5 in a wide range of the experimental parameters, and studied the bubble oscillations in

the transition from nonlightemitting, “bouncing” air bubbles to sonoluminescing argon

bubbles.

We present phase diagrams in the (Pa, R0), and (Pair/P
∗
0 , Pa) parameter space, where

Pa is the pressure amplitude near the bubble, R0 is the ambient radius, and Pair/P
∗
0 is

the ratio of the partial pressure of air that was set during the water preparation to the

standard atmospheric pressure. The dependence of the light intensity (measured by a

photomultiplier tube) on the parameters of the bubble dynamics is also studied. The

results are compared to earlier measurements of the author and also to the experimental

and theoretical investigations found in the literature.

6.1 Motivation: the wide parameter space of SBSL

The simplest description of the dynamics of an oscillating bubble is the RP equation

coupled to a process equation for the gas. Even this simplest description involves nu-

merous parameters, including the frequency of excitation, Pa, R0, ambient pressure (P0),

and various material constants of the liquid and the gas (e.g. density, surface tension,

viscosity, vapor pressure, specific heat, speed of sound) that may depend on the ambient

65
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temperature. In principle changing any of the above parameters affects the dynamics

of the bubble, and also the attainable conditions of the gas inside. The big number of

parameters yields an enormous parameter space for SBSL, that would be desirable to

scan both numerically and experimentally. To date there is no established general limit

as to where in this multi-dimensional parameter space can SBSL be observed, although

important partial results do exist. Ussually experimental and theoretical studies focused

only on the role of one or two of the above parameters, at specific, ussually ambient val-

ues of the other parameters. This is not surprising, since the difficulty of experimental

controll is different among the parameters. In our measurements we also constrained our

selves to an air-water system at constant values of the ambient conditions, and only the

dependence on the pressure amplitude and ambient radius were investigated. This choice

is motivated since it admits comparisons with previous experiments, conducted at nearly

identical conditions, which is desirable for testing the limits of validity of the assumptions

in section 5.2.

6.2 Experimental results

All the measurements of this chapter were made using the apparatus and procedures

described in chapter 4. The experimental setup was identical to that shown in Fig.

5.2. Using this setup we made measurements at ambient pressure of P0 = 1008.5 ± 2

mbar, water temperature of Tw = 23 ± 0.1oC, and excitation frequency of 22550 Hz,

while the gas concentration and the excitation level were varied. The water preparation

was made at the same ambient temperature as the measurements, at partial air pressure

overheads of Pair/P0 =0.3001, 0.2015,0.0991, 0.0441, and 0.0208. Since air contains 0.93%

of argon, thus the above values corespond to relative dissolved argon concentrations of

CAr/C
Ar
0 =0.002791, 0.001874, 0.000922, 0.000410, and 0.000193 respectively, where CAr

0

is the dissolved argon concentration in water at ambient pressure of 1 atm, and water

temperature of 23oC (see ref. [76] or APPENDIX A for details).

6.2.1 Phasediagram in the (Pa, R0) and (Pair/P
∗
0 , Pa) plane

Figure 6.1 shows the fits that relate the measred phase of the flashes and the excitation

amplitudes to the calculated phase of the minimum radius and the pressure amplitude Pa,

using the method of chapter 5. On the vertical axis the phase is defined by the elapsed

time from the begining of the acoustic perioid to the instant of the minimum radius,

normalised by the acoustic period. Note that within the error bars all the data can be

fitted to the corresponding numerical curve. An interesting feature of Fig. 6.1 is that

the upper SL thresholds of the datasets are located roughly at the same phase ξ ≈ 0.6.
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Figure 6.1: The symbols with error bars stand for the measured phase of the flashes in

the acoustic cycle as a function of the excitation amplitude. Each experimental data set

is fitted to its corresponding curve of numerically calculated phase of the minimum radius

as a function of pressure amplitude. The different symbols stand for argon concentration of

CAr/C
Ar
0 (T = 23oC) =0.002791 (diamonds), 0.001874 (down pointing triangles), 0.000922 (up

pointing triangles), 0.000410 (circles), and 0.000193 (boxes).

Whether this feature is only a coincidence remains to be seen.

From the data of Fig. 6.1 using the procedures of section 5.2 one can obtain the am-

bient radii with errorbars for the sonoluminescing bubbles, and specify the linear relation

between the amplitude of the excitation signal on the PZT transmitters (UPZT ) and the

resulting pressure amplitude near the bubble Pa = A·UPZT . This relation can also be used

to obtain Pa for non-light emitting bubbles, while R0 can be obtained from Mie scattering

(See section 5.4 for details). The results together with numericallly calculated curves of

diffusional equilibrium are displayed in Fig. 6.2. Also shown in the figure the iso-curve

where the maximal uniform temperature in the bubble exceeds 9000 K (fat dashed line,

calculated using the model of [45]), and the onset of parametric shape-instabilities (thin

dashed line, calculated using the model of section 3.4).

For a given gas concentration one can study the path of the bubble in the (Pa, R0)

plane and the different dynamical phases as the excitation level is increased. For instance
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Figure 6.2: The phase diagram in the (Pa, R0) plane. The shape of the symbols indicate the

same concentartion values as in Fig. 6.1, the filled symbols are sonoluminescing bubbles, while

the open symbols stand for the non-light emitting cases. The thin continuous (dot-dashed) lines

are the curves of diffusive equilibrium calculated using the argon (air) concentrations. The fat

dashed line is the curve where the maximum temperature in the bubble reaches 9000K, and

the thin dahsed line indicates the onset of the parametric shape instability calculated from the

model of section 3.4.

at partial air pressure overhead of Pair/P0 =0.3 (diamonds) the phases are the following.

Dissolution phase. — If a bubble is initiated at (Pa, R0) values to the left from the

diffusive equilibrium curve corresponding to Pair/P0 =0.3 (the leftmost dot-dashed line in

Fig. 6.2), there the radial oscillations of the bubble are small, and at small Pa also nearly

harmonic. In this regime the net mass transfer of air due to diffusion in each acoustic

cycle is directed from the bubble towards the liquid, thus the bubble eventually dissolves

in the water.

Jittering phase. — On the righthand side of the same diffusive equilibrium curve,

at acoustic pressures between 0.87 ≤ Pa ≤ 1.15 bars the above process reverses. The

net mass transfer of air in each acoustic cycle is directed from the liquid to the bubble,

which results in its growth. The bubble grows from cycle to cycle until it reaches a radius



6.2. EXPERIMENTAL RESULTS 69

where the bubble gets parametrically shape unstable. After a few cycles the distortion

amplitude becomes comparable to the size of the bubble which leads to fragmentation. If

a fragment is characterised by an ambient radius that lies below the diffusive equilibrium

line, then it dissolves in the water, while a bigger one starts to grow again until it gets

shape unstable. To the naked eye the bubble in this phase is seen to be “jittering” or

“dancing”. The Mie-scattering signals that characterise this dynamic phase together with

the best-fit radius-time curves are shown in the left column of Fig. 6.3.

Stable non-sonoluminescing phase — At sufficiently large pressure amplitudes (Pa ≈

1.15 bar) the content of the bubble changes due to chemical reactions [74, 75, 84, 59, 121],

leading to the accumulation of the chemically inert argon inside (air contains about 0.93%

of argon). In short the accumulation occurs because at high forcing the temperature of the

gas will be high enough during the collapses, so that molecular compounds can dissociate,

and form reaction products. These reaction products dissolve in the water, and not

recollected by the bubble, because of their enormous solubility. The process leads to

the existence of a stable equilibrium phase, where the growth by rectified diffusion is

balanced by the loss of mass due to chemical reactions. At the upper end of this phase

(Pa ≈ 1.25 bar) the bubble contains almost exclusively just argon, which is also reflected

in the decreased value of its ambient radius. The Mie-scattering and radius-time curves

corresponding to this phase are shown in the six upper pictures of the right column in

Fig. 6.3.

Stable sonoluminescing phase — At excitation amplitudes arround Pa ≈ 1.25 bar the

bubble starts to emit light. In this phase it is only the relative argon concentration of

the liquid that is relevant for the diffusive stability of the bubble. The Mie-scattering

and radius-time curves of the lower SL threshold can be seen in the bottom picture of

the right column in Fig. 6.3. Increasing the pressure amplitude the bubble gets brighter

and its ambient radius increases until an upper threshold is reached, where it again runs

into shape instability. At such high presure amplitudes (Pa ≈ 1.4 bar) the growth of the

shape distortion can be so violent that it leads to the destruction of the bubble. We shall

note that the onset of the light emission is not a very well defined point, since some dim

light emission due to chemiluminescence may already occur in the preceeding phase to

SL. However the light intensity increases dramatically at an excitation level where the

bubble contents reduce to only argon and water vapor, so this point can be identified as

the onset of SL.

The same dynamical phases are also present in the cases of Pair/P0 =0.2015 and

0.0991, however the corresponding interval of excitation levels changes. The dissolution

and SL phases shift to higher Pa as the dissolved air concentration decreases, while the

lower end of the stable non-light emitting phase shifts to lower Pa, thus the jittering phase

shrinks. Indeed at Pair/P0 =0.0441 and 0.0208 the jittering phase is already absent.
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Figure 6.3: The best fits of u(t)) and r(t)2 time series for the data indicated by open diamonds

in Fig. 6.2. See section 5.4 for the details on fitting.
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Comparing the Pa and R0 parameters of the bottom right plot in Fig. 6.3 with the

corresponding parameters of the leftmost filled diamond in Fig. 6.2 confirms that within

the uncertainties Mie scattering and the method of the previous chapter produces identical

results. Due to lack of space here we showed this only in the case of the highest gas

concentration, but similarly good agreement is found for the other cases as well. The data

can also be compared with other measurements, where the experimental conditions were

close to ours. For instance the dynamical parameters of the non-light-emitting bubbles

(open symbols in Fig. 6.2) agree very well with the measurements of Holt and Gaitan (See

Fig. 1 in [51] and also Figs. 3 and 4 in [31] or Fig. 2.4 of this thesis). The measurements

in these references were also made for an air-water system at room temperature and at an

excitation frequency of 20.6 kHz. For light-emitting bubbles also good agreement can be

found at relative air concentration of Pair/P0 ≈20% . Phasediagrams for various gases in

water were also measured by Ketterling and Apfel, but at a higher excitation frequency

of ≈ 33 kHz (see [60, 61, 62]). Their results are in good qualitative agreement with ours,

however the different phases are shifted to higher pressure amplitudes, as it is expected

from the theoretical frequency dependence, calculated by ref. [97]

Another way to visualise the dynamical phases described before, is to plot the excita-

tion amplitudes of the phase boundaries as a function of the relative air concentration set

during the water preparation (see Fig. 6.4). In the current state of progress in the field one

is able to calculate most of the phase boundaries of Fig. 6.4, with more or less precision.

For instance for Pair/P0 > 0.05 the upper boundary of dissolution phase is determined by

the pressure amplitude where the unstable diffusive equilibrium curve corresponding to

the air content intersects the parametric shape-instability line. Using bubble-dynamical

models that include all the relevant damping mechanisms and chemical reactions, one can

also calculate the boundary between the “jittering” and the stable non-SL phases (see

for instance [121]). According to several experiments [51, 31, 59, 61] the onset of light

emission is linked to the metastable points (∂R0/∂Pa = 0) of the diffusive equilibrium

curves in the (Pa, R0) plane, corresponding to the inert gas content (the minimal Pa val-

ues of the continuous lines in Fig. 6.2). These curves are easily obtained numerically (see

section 3.5), thus one can also calculate the Pa values for the onset of SL, at a given gas

concentration. Finally it is belived that the upper threshold is determined by rapid onset

of shape instabilities. Rayleigh-Taylor type of instability is the most likely condidate,

however the modelling uncertainties are so high that different investigators obtain quali-

tatively different results. For instance the slope of the instability line in the (Pa, R0) plane

is negative in refs. [40, 10, 2], while in refs. [136, 77] it is positive. Our data seem to prefer

the former case. A comparison of the measured Pa, R0 values of stable sonoluminescing

bubbles (filled symbols in Fig. 6.2) with the calculated phase-diagram of Hilgenfeldt et

al (see Fig. 5 in [40]) produces good qualitative agreement, however the model restricts
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Figure 6.4: The phase diagram in the (Pair/P
∗
0 , Pa) plane. The shaded regions indicate the

different dynamical phases, where the symbols with error bars are the experimental data of the

phase boundaries and the lines connecting them are guides to the eye.

the parameter space to smaller Pa and R0 values then we find. The likely reason behind

this is the underestimation of damping in the RP equation. This is clearly visible in Fig.

6.3, where the measured afterbounces always die away faster than the calculated curves.

Indeed, using a more detailed model Hao and Prosperetti obtained good agreement with

the measurements for the onset of parametric shape instability (see ref. [38]).

6.3 Parametric dependence of the light intensity

In the measurements of this chapter the light of the bubble was detected by a PMT, whose

signal is proportional to the number of photons determined by the wavelength dependent

quantum efficiency curve of the instrument. In this chapter we refer to the amplitude of

the PMT signal as “relative light intensity”, bareing in mind that this technique can not

tell anything about the spectral distribution of the detected photons. Measurements of

the dependence of SL spectra on dynamical parameters will be treated in chapter 7.

Figure 6.5(a) shows the dependence of the PMT signal amplitude on Pa. One can
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Figure 6.5: The dependence of the relative intensity as a function of the pressure amplitude

(a), and the relative intensity divided by the ambient volume as a function of the expansion

ratio (b). The symbols correspond to the same gas concentrations as in Fig. 6.1.

observ that according to these measurements the relative intensity is very closely a linear

function of the pressure amplitude, and also that the slope decreases if the gas concentra-

tion is lowered. For a given gas concentration the linear dependence of the light intensity

on the excitation level is a result that was already established in the very early experiments

of Barber and Putterman [4] and was later confirmed by many papers (see for instance

[29, 7, 8, 31, 108]). Similar dependence of the slope on the gas concentration as in Fig.

6.5(a) was documented in the paper of Ketterling and Apfel [61], however only in the cases

of krypton and xenon bubbles in water. For helium, neon and argon bubbles they did

not find such variations. In our earlier measurement [108] and also in the measurements

of the next chapter we also found that the slope for different gas concentration settings

were identical within experimental uncertainty. Based on these observations the author

is inclined to hypothesize that the property of observing the variation of the slope is due

to the ambient conditions that were different in these measurements. For instance the

ammount of water vapor, which is known to have a strong influence on the SL intensity

[123, 113, 119, 134, 120, 37], depends strongly on the ambient conditions. Comparing the

cases of [108] and the present measurements one may notice that the water temperatures

were identical within the errors (however posibly a bit higher in [108]), and the ambient

pressure was higher in [108] (1020±2 mbar vs.1008±2 mbar of the present measurement).

It is known that even small variations of a few mbar in the ambient pressure have non-
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negligible influence on the SL-intensity [9, 20], thus it is not impossible that the different

behaviour is due to the change in the ambient pressure.

In Fig. 6.5(b) we displayed the PMT signal amplitude normalised by the volume of

the bubble as a function of the expansion ratio (Rmax/R0). The former quantity can

be thought of as being proportional to the avarage energy emitted by a gas atom in a

flash (it was first introduced in ref. [31]), while the expansion ratio is used to parametrize

the strength of the collapse. As can be seen the general trend is that the expansion ratio

increases with decreasing gas concentration and the average energy emitted by a gas atom

increases with the expansion ratio. Although the errors are too high to be able to judge

if the dependence of the later quantity is monotonic or not, still looking at the figure

it seems more likely that it is not. For given gas concentrations our data is consistent

with the finding of Gaitan and Holt [31] that the relative intensity normalised by the

volume of the bubble on the expansion ratio shows power-law dependence. In our earlier

work (see Fig. 8 of [108]) and also in the measurement of the next chapter the power-law

dependence extends to all the data points with different gas concentrations, whereas in

the present measurement the data shows signs of saturation. We believe that the source

of the differences is closely related to the other observed difference that in the present

measurement the slope of the relative intensity as a function of the pressure amplitude

varied with the gas concentration.

6.4 Conclusion

This chapter presented experimental phase diagrams of SBSL in an air-water system, and

the parametric dependence of relative light intensity measured by a PMT. The phase

diagrams were plotted both in the (Pa, R0) and (Pair/P
∗
0 , Pa) parameter planes. In these

measurements all the relevant parameters and ambient conditions are directly measured or

deduced from measured quantities, making possible comparisons with theoretical models.

Comparison of dynamic parameters found from Mie-scattering and the method of chapter

5, revealed that these methods produce identical results in a wide range of the parameter

space. The obtained phase diagrams are in good agreement with measurements found in

the literature, where the experimental conditions were close to ours. We find that the data

is in good qualitative agreement with theoretical calculations of (Pa, R0) phase diagrams,

where the Rayleigh-Taylor instability line has negative slope, however the theoretical

modell restricts the parameter space of SL to smaller Pa and R0 values than we find. An

unexpected result is that the slope of the relative light intensity as a function of Pa varies

with the gas concentration, a feature that was previously observed only for krypton and

xenon bubbles, but not for argon.



Chapter 7

Spectral measurements in water

7.1 Motivation

Perhaps the most exciting aspect of SBSL is the spectrum of the emitted radiation. The

first measurements of Hiller et al [47] made in the wavelength interval of 200-800 nm,

revealed a continuum spectrum without the presence of characteristic spectral lines of

the host liquid or the gas and with a spectral density increasing strongly towards the

ultra violet.The experimental spectra could be characterized by fitting their shape with

the Planck function. This procedure produced effective temperatures on the order of 104

K. In the history of research of SBSL, comparison of experimental spectra to theoretical

predictions plays a crucial role in justifying theoretical models. Although relatively many

experimental spectra were reported in the literature (see e.g. [30, 9, 81, 49, 135]), however

so far in all of these measurements some of the important parameters of the bubble

dynamics, pressure amplitude (Pa), ambient radius (R0), or the precise experimental

conditions were not known, which gives considerable freedom for the theoretical models

to reproduce them. It must be mentioned that measuring the spectrum simultaneously

with the dynamical parameters using the conventional methods is not an easy task, since

both Mie-scattering [6] and direct imaging of the bubble [118] require the disturbing

presence of a laser light or back-lighting. In this chapter we report measured spectra

where the dynamical parameters were deduced from directly measurable quantities using

the new method described in chapter 5, which avoids the technical difficulties of previous

methods.

7.2 Description of the measureing setup

In the experiments the light of the bubble was detected by a photo multiplier tube (PMT)

(type: Hamamatsu R3478) and a fiber optic spectrometer (OCEAN OPTICS S2000). We

75
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used the same quartz fiber with a diameter of 0.4 mm for all the measurements, including

calibration. The acoustic resonator was similar to that described in detail in section 4.1,

with the modification that a hole was drilled in the center of the upper end-cap, where

the quartz fiber could be immersed in the water. This hole was closed with a plug during

the water preparation, and the plug was removed only immediately before the start of the

spectral measurement to guarantee that the gas concentration in the water matched the

preset values. The setup is placed in a modified refrigerator to minimize the undesired

background light, and to facilitate measurements at reduced temperatures (A photograph

of the setup is shown in Fig. 7.1. However, all measurements presented here are performed

at ambient temperature. The water temperature was monitored with a thermocouple

(accuracy 0.5oC), immersed in the water through the upper filling tube of the resonator.

The position of the PMT and of the quartz fiber was fixed while the resonator was placed

on a stand, that could be translated accurately in all directions. After a light emitting

PMT

fiber

resonator

Figure 7.1: The experimental arrangement showing the acoustic resonator and the light

detectors.
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bubble was generated, the position of the resonator was adjusted to ensure that both

the PMT and the fiber looked directly at the bubble. Right positioning was achieved

by connecting the spectrometer-end of the fiber to white light from a tungsten halogen

lamp, which produced a clearly visible narrow light cone at the other end. The horizontal

position of the resonator was adjusted until the bubble was in the center of the light cone,

then the vertical position was set to bring the bubble close to the aperture of the fiber.

The distance between the bubble and the fiber was between 1-5 mm in all cases, and the

distance to the PMT was 50 ± 2 mm.

After positioning, the end of the fiber was removed from the tungsten halogen lamp

and connected to the spectrometer. Simultaneous spectral and PMT measurements were

taken, and the electric driving signal applied to the piezo transmitters of the resonator

was also recorded. This procedure was repeated at different excitation levels, and gas

concentrations. The role of the PMT in this measurement is binary. First it provides

the timing information needed to deduce the dynamical parameters using the method of

chapter 5. Second, the recorded light intensity of the bubble was used to normalize each

spectrum up-to a common multiplicative constant, in order to adjust for the different

distances between the bubble and the fiber in each case.

7.2.1 Calibration procedure

The spectral response of the spectrometer with the fiber was calibrated in two overlapping

wavelength intervals by a tungsten halogen light source (OCEAN OPTICS LSC048, cali-

brated in the interval of 350-900 nm) and by a deuterium discharge lamp (Cathodeon Ltd

C80-10V-SMFF, calibrated in the interval 115-400 nm), following closely the instructions

provided with the instruments during their operation. The resulting relative response of

the system is given in Fig. 7.2(a). It was obtained by dividing the measured intensities

(Im(λ)) with the calibrated intensities (Ic(λ)) tabulated in the manuals of the deuterium

and the tungsten halogen lamps. The two response curves were then scaled to provide

the same intensities in the overlapping wavelength region 350-400 nm. As can be seen the

spectrometer is most sensitive near ≈ 500 nm. Because of the relatively big uncertainty

in the distances from the bubble to the aperture of the fiber, we did not make an attempt

for absolute calibration, thus useful information is contained only in the shape of our final

spectra, and in their relative spectral densities.

7.2.2 Processing the spectra

Figures 7.2(b, c, d) illustrate the steps during which a raw spectrum is transformed into

its final form. If no light enters the spectrometer one can record the dark signal. Figure

7.2(b) shows the dark integrated for 46 milliseconds and averaged over 10 samples (we
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Figure 7.2: The relative response of the spectrometer with the fiber as a function of the wave-

length (a). Here Im is the measured intensity and Ic is the intensity according to the calibration

data. In (b) the horizontal fluctuating curve is the dark signal of the spectrometer, and the

other curve above it is the raw SBSL spectrum. In (c) the raw SBSL spectrum is shown after

subtracting the dark. Finally in (d) the dotted curve indicates the quantum efficiency of the

PMT that also recorded the light of the bubble, the continuous line is the shape-corrected SBSL

spectrum obtained by dividing (c) with (a), and the area of the shaded region is the quantity

I∗ proportional to the light intensity, that the PMT “sees” from the shape-corrected spectrum.

used these settings to obtain the other spectra as well). It is found to be wavelength

dependent, but practically constant in time. In the same figure, above the dark we show

a raw SBSL spectrum. The superimposed dark signal can be eliminated by subtraction,
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which results in a smooth raw spectrum (see Fig. 7.2(c)). Since the sensitivity of the

spectrometer is wavelength dependent, to correct for this one needs to divide the raw

spectra with the response curve in Fig. 7.2(a), which sets their final shape (Sm
i (λ)). Since

for each spectrum the distance between the fiber and the bubble is known only with the

uncertainty of 1-5 mm, thus the absolute calibration constant (Ai) for each spectrum is

different. One may write this as

Sc
i (λ) = Ai · S

m
i (λ), (7.1)

where Sc
i (λ) is the “correct” spectrum that has the same shape as Sm

i (λ), but also correct

spectral density values at every wavelength. To be able to compare the relative spec-

tral densities of the measured spectra one needs to correct for the effect of the different

distances. For this reason we use the amplitude of the recorded PMT signal (IPMT
i ) as

giving an intensity proportional to the number of detected photons (Ni), determined by

the wavelength dependent quantum efficiency of the PMT, Q(λ) (see the dotted line in

Fig. 7.2(d), taken from the manufacturer’s data).

IPMT
i = B ·Ni, (7.2)

where B is a common proportionality constant that is the same for all spectra since the

distance between the bubble and the PMT was essentially constant. To obtain the final

corrected spectra we use the following transformation

Sf
i (λ) = Sm

i (λ)
IPMT
i

I∗i
, (7.3)

where I∗i is defined as

I∗i =
∫ λ2

λ1

Sm
i (λ)Q(λ)dλ, (7.4)

with λ1 = 250 nm and λ2 = 800 nm. Note that I∗i is a quantity, that is proportional to

the signal that the PMT would detect from Sm
i (λ). In Fig. 7.2(d) the corresponding I∗ is

the area of the shaded region. Similarly from equation (7.1) and the definition of I∗i one

may write

C ·Ni =
∫ λ2

λ1

Sc
i (λ)Q(λ)dλ = Ai · I

∗
i , (7.5)

where C is a proportionality constant. As shown below all the final transformed spectra

have the same absolute calibration constant, thus their relative spectral densities can be

compared.

Sf
i (λ) = Sm

i (λ)
IPMT
i

I∗i
= Sm

i (λ)
Ai · I

PMT
i

∫ λ2

λ1
Sc

i (λ)Q(λ)dλ
=

= Sc
i (λ)

IPMT
i

C ·Ni

= Sc
i (λ)

B

C
. (7.6)
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Figure 7.3: Experimental spectra (thick dashed lines) and their best blackbody fits (thin con-

tinuous lines) at various excitation levels and relative argon concentrations. From top to bottom

CAr/C0 = 0.00195, 0.000473, 0.000248.
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7.3 Experimental results

During the measurements the ambient pressure was P0 = 1019 ± 2 mbar, the excitation

frequency was f = 22650 Hz, and the water temperature was Tw = 23.5 ± 1oC. We

made measurements at relative argon concentrations of CAr/C
23.5
0 = 0.00195, 0.000473,

0.000248, where CAr is the dissolved argon concentration that was set during the water

preparation, and C23.5
0 is the dissolved argon concentration of water at ambient pressure

of 1 atm and temperature of 23.5 oC. The desired gas concentration was set using the

degassing system and procedure, described in detail in section 4.3. Figures 7.3 show the

spectra recorded at the three different argon concentrations and different levels of acoustic

excitation. In each figure the excitation amplitude increases from the bottom to the top.

For comparison purposes it is useful to characterize the experimental data with some

(any) kind of functional form. In Figs. 7.3 the thin continuous lines are the black-body

fit for each spectrum.

Ib(λ) ∝
1

exp
(

hc
λkTeff

)

− 1
, (7.7)

where λ is the wavelength in nanometers, h = 6.626 · 10−34 Js is the Planck constant,

c = 3 · 108 m/s is the speed of light and k = 1.38 · 10−23J/K is the Boltzmann constant.

We choose the Planck-function partly because of its simplicity (characterization of the

spectrum with the effective temperature) and partly because previous authors of experi-

mental papers also used this form, thus admitting easy comparison with earlier published

experimental spectra. The fitting was made in the wavelength interval of 300-700 nm,

which is symmetric around λ = 500 nm, where the sensitivity of our spectrometer is

maximal. The best fits provided the values of the effective temperatures Teff .

From the timing information of the flashes and the recorded excitation amplitude on

the piezo transmitters, we deduced the pressure amplitude Pa, the ambient radius R0,

and the expansion ratio Rmax/R0 for each spectrum using the method of chapter 5. The

results together with the errors and the best fit effective temperatures are summarized in

table 7.3.

Although the errors of the dynamic parameters are fairly high, nevertheless several

interesting trends can still be observed. In Figs. 7.4 we show the dependence of the

effective temperature on the pressure amplitude (a), and expansion ratio (b). Also shown

are the PMT signal amplitude as a function of Pa (c), and the PMT signal amplitude

normalized by the ambient volume as a function of the expansion ratio (d). A detailed

comparison with most up-to-date theoretical models of SL light emission is out of the

scope of this thesis, nevertheless in the next section we briefly discuss our results in light

of some predictions of theoretical models and compare them to earlier experiments.
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CAr/C0 Pa [bar] R0 [µm] Rmax/R0 Teff [K]

0.00195 1.345 ± 0.025 4.7 ± 1.1 11.0 ± 3.9 16297 ± 20

1.376 ± 0.025 5.1 ± 1.2 11.1 ± 3.8 16325 ± 23

1.400 ± 0.025 5.65 ± 1.3 10.8 ± 3.2 14952 ± 18

1.400 ± 0.025 5.8 ± 1.3 10.6 ± 3.4 14402 ± 18

1.431 ± 0.025 5.9 ± 1.35 11.2 ± 3.6 13653 ± 14

1.446 ± 0.025 6.4 ± 1.43 10.9 ± 3.4 13329 ± 15

0.000473 1.369 ± 0.025 3.53 ± 0.88 13.9 ± 5.1 17052 ± 27

1.376 ± 0.025 3.38 ± 0.83 14.7 ± 5.2 16274 ± 20

1.406 ± 0.025 3.43 ± 0.88 15.7 ± 5.9 14574 ± 15

1.428 ± 0.025 3.4 ± 0.9 16.6 ± 6.5 14432 ± 15

1.450 ± 0.025 2.7 ± 0.7 20.7 ± 7.8 13914 ± 12

0.000248 1.401 ± 0.025 1.78 ± 0.32 22.9 ± 5.9 15755 ± 19

∗ 1.401 ± 0.025 2.15 ± 0.55 20.9 ± 6.2 15590 ± 37

∗ 1.416 ± 0.025 2.43 ± 0.58 20.4 ± 7.0 15197 ± 40

1.423 ± 0.025 2.6 ± 0.65 19.7 ± 7.2 14130 ± 13

1.446 ± 0.025 2.53 ± 0.63 21.4 ± 7.7 13786 ± 14

1.460 ± 0.025 2.4 ± 0.6 23.0 ± 8.4 13022 ± 14

∗ 1.475 ± 0.025 2.4 ± 0.55 23.8 ± 7.7 13230 ± 27

1.490 ± 0.025 2.28 ± 0.58 25.3 ± 9.3 13498 ± 19

Table 7.1: The parameters of the dynamics and the best fit blackbody effective temperatures

for the spectra of figures 7.3. To get a more clear picture in figures 7.3, the spectra indicated

with (*) are not shown there.

7.4 Discussion

Looking at Figs. 7.3 one may notice that at the two lower relative argon concentrations

the shape of the spectra are very well reproduced by the simple black-body expression

(7.7), even below 300 nm. However this should not be construed as a proof that the

radiation is from a blackbody surface emitter, since there are many possible scenarios that

produce a spectrum which is a reminiscent of a blackbody in a certain wavelength interval.

For instance Hammer and Frommhold obtains good agreement with experimental data

assuming optically thin bubble with a non-uniform heating. (See Fig. 3 in ref. [37]). Thus

the effective temperature found from the fit should not be interpreted as representing a

real physical temperature in the bubble, their purpose is solely to characterize the shape

of the spectra in the wavelength interval of 300-700 nm, through the functional form (7.7).

At relative argon concentration of CAr/C
23.5
0 = 0.00195 we find a breakpoint in the

spectra at around ≈ 300 nm, where the spectral density at wavelengths below the break-
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Figure 7.4: The parametric dependence of the PMT signal amplitude, and effective tempera-

tures of the measured spectra for dissolved argon concentrations of CAr/C
23.5
0 = 0.00195 (circles),

0.000473 (filled boxes), 0.000248 (open boxes).

point is less than that of the corresponding black-body fit obtained from the interval of

300-700 nm. Although the precision of the spectral density decreases dramatically as

the UV-cutoff is approached, however at λ = 300 nm the sensitivity of the spectrometer

together with the fiber is still around 10% of the maximal value (see fig. 7.2a), and the

error due to the variation of the dark is less than the SBSL signal. This suggests that

the observation is due to a real effect and not an artifact of the measurement. Similar

qualitative behavior can also be seen in the earlier experiments of Hiller et al [47] and
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Gaitan et al [30] (see Fig. 2.5(c,d)), but in their measurements the breakpoint seems to

be around λ ≈ 250 nm, and the authors attributed the effect to the UV-cutoff of water.

Moreover a breakpoint or a maximum point in the spectrum is also one of the pre-

dictions of recent theoretical models. Hilgenfeldt et al predicts a spectral maximum at

λ = 294 nm (see Fig. 4(a) in ref. [45]) for dynamic parameter values Pa = 1.3 bar, R0 = 5

µm, and acoustic frequency f = 20 kHz, that are quite near to the experimental case cor-

responding to the first row in our table I. The refined model by Hammer and Frommhold

[35] at the same parameter values predicts a breakpoint instead of the maximum (see Fig.

1 in ref. [36] or Fig. 2.6 of the thesis), that is in excellent qualitative agreement with our

measurement. In these theoretical models the discontinuity of the slope in the spectrum

arises from the contribution of the electron-ion interaction. Whether the discontinuity

manifests itself in a breakpoint or a maximum depends on the contributions from other

processes, such as electron-neutral bremsstrahlung, that is more intense in the refined

model of ref. [35]. Given the agreement of the theory and the experiment at these specific

parameters, it would be interesting to make comparisons also at the parameter values

corresponding to our experiments with lower argon concentrations.

According to the parametric dependence in Figs. 7.4 the effective temperatures of the

data lie in the range between 12 000-18000 K, and decrease with the forcing pressure,

while the intensity increases (c). Also the effective temperatures seem to be independent

of the expansion ratio (b), while the PMT signal’s amplitude normalized by the volume of

the bubble increases as a power law (d). Similar power-law behavior was also found in ref.

[108]. It seems that although more energy can be pumped into the bubble by increasing

the pressure amplitude, this input results in an increased number of less energetic photons.

The theoretical models of refs. [119, 120, 37] that incorporate the effect of water

vapor also predict a narrow range of attainable temperatures, basically independent of the

expansion ratio, that would likely result in nearly identical spectral shapes in qualitative

agreement with our experimental results. This observation confirms the importance of

water vapor, whose effect has been investigated experimentally as well as theoretically

in several papers (see for instance [123, 113, 134]). Its role can be roughly understood

if one considers that at higher expansion ratios more vapor gets trapped in the bubble

during the collapse. As a result more energy is taken up by the dissociation of the water

molecules, and subsequent endothermic reactions of the formed radicals, which counteracts

the increased energy input and constrains the maximum attainable temperatures.

7.5 Conclusion

We presented experimental spectra of SBSL in water at different dissolved argon concen-

trations and excitation levels. The corresponding parameters of the bubble dynamics, Pa,
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R0, Rmax/R0 are deduced for each spectrum using the method of chapter 5, while all the

other relevant ambient conditions are measured, which allows for a direct comparison with

theory. We find that the shape of the spectra can be very well characterized by a simple

blackbody form in the interval of 300-700 nm. At the two lower argon concentrations the

agreement between the spectra and the corresponding black-body fits extends down to

the lowest measured wavelength, whereas at the highest argon concentration a breakpoint

in the spectral density is observed (λ ≈ 300 nm). In the later cases the spectra at wave-

lengths below the breakpoint start to deviate from the continuation of the blackbody fits

toward smaller spectral densities. The effective temperatures of the best blackbody fits

lie in the narrow range of 12 000-18 000 K practically independent of the expansion ratio,

while Teff is found to decrease with the pressure amplitude for each argon concentration.

On the other hand the relative light intensity, as measured by a PMT, increases with Pa,

and the same intensity normalized by the volume of the bubble also increases with the

expansion ratio. The most likely mechanism responsible for the observed behavior is the

effect of water vapor, that also prevented the upscaling of SBSL at reduced excitation

frequencies, however a comparison with detailed theoretical models to confirm this is yet

to be done.
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Chapter 8

Theoretical investigation of bubble

dynamics

8.1 Motivation

In one of the first experiments with single bubbles Barber et al [5] found a remarkably

stable dynamics, a synchronicity with the driving sound field (typically ≈ 27 kHz) on

the order of 50 ps. Later Holt et al also reported period doubling, quasiperiodicity and

chaos in the timing of successive flashes [50] and later period doubling was observed also

in the amplitude of the flashes [56]. Recently this topic was reconsidered in experimental

works of Dam et al [21, 22], and Levinsen et al [70], but the underlying mechanism

responsible for the observed behavior has not yet been clarified. Previous theoretical

studies by Lauterborn and Suchla [67] investigated a particular bubble dynamical model

in the context of acoustic cavitation [68] and showed that the radial oscillations of a gas

bubble can undergo period-doubling bifurcations and become chaotic. Related theoretical

works can also be found in [112, 52, 90], and references therein. It was proposed in [50]

that the same mechanism could explain the observed period doubling and chaotic behavior

in the SBSL measurements, however the parameter space that was studied previously is

far from that which is relevant for SBSL, or the studied models were oversimplified by

the assumptions of ideal gas law, absence of heat transfer, and negligence of surface

tension effects, as in [56]. The aim of the following section is to elucidate this question by

performing extensive numerical simulations in a wide range of the parameters. Section

8.3 deals with the problem of how to calculate averages of relevant physical quantities

of an acoustically forced bubble if the underlying spherical oscillations are chaotic, and

shows that in particular cases periodic orbit theory is suitable for such a goal.

87
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8.2 Stable and chaotic solutions of the Rayleigh-Plesset

equation

8.2.1 Description of the model and the details of the simulations

In this section we use the RP equation (Eq. (3.38) of section 3.2) in a more informative

form, where it is transformed into a set of first-order differential equations like in the

theory of dynamical systems.

Ṙ = V

V̇ =
1

ρwR
(Pg − Pf − P0 − Pη − Pσ + Ps) −

3

2R
V 2, (8.1)

where the pressure terms defined as

Pf = −Pa sin(ωt) Pη =
4ηV

R
, Pσ =

2σ

R
, Ps =

R

cw

d

dt
(Pg − Pf),

(8.2)

and the gas pressure is expressed with

Pg(R(t)) =
(

P0 +
2σ

R0

)

(R3
0 − a3)γ

(R(t)3 − a3)γ
. (8.3)

The notations of the material constants of the water are the same as in section 3.2. As

a general remark it can be noted that the RP equation describes a highly nonlinear,

non-autonomous dynamical system in a two-dimensional phase-space (R,V).

The adjustable parameters that were varied during the simulations are the amplitude

of the forcing Pa and the ambient radius R0, while the angular frequency ω was kept at

the constant value of ω = 2π · 27kHz used in the experiment of Holt et al. [50]. If not

otherwise mentioned, all the simulations used γ = 5/3, initial values of R(t = 0) = R0,

V (t = 0) = 0, and the values of the material constants from Table 8.1.

density ρw 1000 kg/m3

velocity of sound cw 1481 m/s

dynamic viscosity η 1 × 10−3 kg/ms

surface tension σ 0.073 N/m

hardcore radius of air a R0/8.5 m

Table 8.1: Notations and the values of material constants used in the simulations

8.2.2 Stability and chaos

Before the detailed investigation of the dynamics can take place, first we need to find the

regions in the (Pa, R0) parameter space, where the solutions of the RP equation are stable
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Figure 8.1: Parameter space points (black region), where condition (8.4) is fulfilled for

N=5 (a), N=100 (b) and αtr = 0.001.

or exhibit chaos. For this purpose equations (8.1) were solved for 100 acoustic periods in

a wide range of Pa and R0 and the values of the maximal radii Rmax were extracted for

each pair of the parameters. The condition
∥

∥

∥

∥

∥

R(N−1)
max − R(N)

max

R
(N−1)
max

∥

∥

∥

∥

∥

≥ αtr (8.4)

was used to identify parameter space points where the variations of Rmax after N cycles

still stayed above a chosen small threshold value αtr. Figure 8.1 shows the results for (a)

N=5, (b) N=100 (b) with αtr = 0.001. It is apparent from these figures that non-steady

radial oscillations can be expected only for big enough bubbles (R0 ≥ 7µm) at rather

high forcing (Pa ≥ 0.8bar), while in the whole parameter space of SBSL, which is for

this acoustic frequency restricted by shape instability thresholds to R0 ≤ 6 − 7µm the

dynamics is stable. (See section 3.4 or references [96, 10, 40, 131, 97, 2] for the role of

shape instabilities)

This observation suggests that the period-doubling and chaotic behavior observed in

the measurements of Holt et al did not originate from pure RP dynamics. Nevertheless

it is still interesting to investigate the chaotic behavior of the RP equation since it can

be relevant in the field of acoustic cavitation [68] or multibubble sonoluminescence. For

instance reference [130] reports transient cavitation measurements at parameter values

(ω ≈ 11MHz, Pa ≈ 100bar, R0 ≈ 0.5µm), where the solutions to the RP equation show

period-doubled and chaotic behavior.
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Figure 8.2: The radius of the bubble as a function of time for 8 acoustic cycles in the

case of stable oscillations. The parameters are Pa = 1.36bar, R0 = 3µm, γ = 5/3, and

ω/2π = 27kHz.

In order to better understand the mechanism which leads to chaos in the particular

system it is useful to compare the characteristics of the stable and chaotic solutions to the

RP equation. Figure 8.2 shows a stable solution over eight acoustic periods, at parameter

values (Pa = 1.36bar, R0 = 3µm, and ω/2π = 27kHz) typical in SBSL experiments. The

nonlinear oscillations of such bubbles are characterized by a slow expansion during the

negative part of the sinusoidal driving, then the bubble collapses almost to its hard core

van der Waals radius, which is followed by a sequence of after-bounces with decreasing

amplitude. In the next acoustic cycle this sequence of events repeats itself with high

precision. The angular frequency of the after-bounces is approximately

ωb ≈

√

√

√

√

1

ρwR2
0

(

3γ(P0 +
2σ

R0
) −

2σ

R0
−

8η2

ρwR2
0

)

, (8.5)

(see for instance [34]). An important feature of figure 8.2, which is also the reason of

the stability of the cycle, is that the amplitude of the after-bounces dies away completely

before the beginning of the next cycle and thus the radius and the interface velocity at

the end of the cycle equal the initial values.

If the ambient radius is increased to Ro = 20µm, the solution to the RP equation
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Figure 8.3: Radius of the bubble over 8 acoustic cycles. The parameters are Pa = 1.36bar,

R0 = 20µm, γ = 5/3, and ω/2π = 27kHz.

shifts to the chaotic regime. Figure 8.3 shows the oscillations of such a bubble over 8

acoustic periods. This regime differs from the stable solution in several aspects. Probably

the most important aspect is that due to the increased R0 the angular frequency of the

after-bounces is decreased. As a result there is not enough time for the after-bounces to be

damped out completely before the next expansion begins. Thus each new acoustic cycle

will have the “memory” of the undamped amplitude from the previous cycle, resulting in

big variations in the maximal radii. In particular, the ωb ≈ 7 × ω in figure 8.3 is in good

agreement with equation (8.5). The attractor in the phase space (R, V ) for Pa = 1.255bar

is shown in figure 8.4. A magnification of the attractor around the maximal radius shows

that the trajectory fills up the phase space between 60µm and 80µm.

After chaos is found at a particular point in the parameter space (Pa, R0, ω/2π) it is

interesting to investigate how the system behaves upon changing these parameters. Since

mapping out numerically the whole parameter space is very time-consuming, only the

effect of changing the driving amplitude Pa is presented here. Such an analysis is usually

carried out in a Poincaré section (P) of the phase space, since it describes the dynamics

just as well (by constructing a Poincaré map), and allows one to draw the parametric

dependence in a plane. The choice of Poincaré section is arbitrary, the only necessary
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Figure 8.4: The chaotic attractor (a) and a region blown up around the maximal radius

(b) for 100 cycles. The parameters are Pa = 1.255bar, R0 = 20µm, γ = 5/3, and

ω/2π = 27kHz.
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Figure 8.5: Bifurcation diagram of the maximal radius for R0 = 20µm, γ = 5/3, and

ω/2π = 27kHz.

condition is that the trajectory should cross the plane of the section once every acoustic

cycle. For driven systems one choice can be to get samples from a given part of each

driving period. However a more general method, namely to set one of the phase space

coordinates to zero, can also be applied. For this study the condition

P ≡ maxR{(R, V ) : V = 0} (8.6)

was used, which gives the maximal radii from each acoustic period. Figure 8.5 shows

the results for R0 = 20µm, γ = 5/3, and ω/2π = 27kHz. At each value of Pa the RP

equation was solved for 500 cycles, and a Poincaré section was constructed by applying

(8.6). Out of 500 cycles only the last 200 are shown on the figure, thus cutting out the

uninteresting initial transients. For small enough forcing (Pa ≤ 0.85bar) the dynamics is

regular. Then a jump occurs, and the solution becomes chaotic after a period-doubling

bifurcation sequence, showing the same qualitative features as reported in [67]. Inside the

chaotic region one can observe windows of regular dynamics, stable 3-period solutions,

and so, just like as for the well-known logistic map. Figure 8.6 shows the return maps at

different driving levels covering dynamics with (a) 2-period, (b) 4-period, chaos, and (f)

inside the chaotic region a 3-period regime. Note the non-uniqueness and the increased

complexity of the return maps with increased driving amplitude. Qualitatively the same
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kind of maps have been observed if the transition from regular dynamics to chaos is

examined at driving levels around 0.88bar and 0.96bar. In figure 8.7 another observable

ξ is shown as a function of the driving level. It gives the phase of the minimal radius

in the acoustic period, and is defined as ξ = t/T , where t is the elapsed time from the

beginning of the cycle until the radius reached its minimum, and T is the acoustic period.

This elapsed time offers a better comparison between simulation and experimental data

obtained for instance by the Mie scattering technique [6] (the timing of the scattered

light at the collapses can be measured with higher precision than its amplitude). Also

ξ is a key observable of the fitting technique of Sec. 5.2, that can be used to obtain

the parameters of the bubble dynamics in measurements. The bifurcation diagram for ξ

shows the same qualitative features as the one obtained for the maximal radii. This is

however not surprising, since the topology of the bifurcation diagrams should not depend

on the particular choice of the Poincaré section, and the values of ξ were extracted from

the minimal radii, which by the condition

P ≡ minR{(R, V ) : V = 0} (8.7)

also define a Poincaré section. Although the conditions (8.6), (8.7) are convenient for

drawing bifurcation diagrams, and comparisons with experiments, for the purpose of

finding periodic orbits and their stability the stroboscopic sampling method (sampling

with the acoustic period) can be more fruitful. This method produces return maps for both

phase space coordinates (R,V). Figures 8.8 show the return maps for R and V respectively

at different driving levels. The maps again get very complicated with increasing Pa, but at

least there are parameter values where the return map of V is reminiscence of a horseshoe,

suggesting that binary symbolic dynamics might suffice to describe the system .

8.3 Periodic orbit theory applied to a chaotically os-

cillating gas bubble

In this section we find the shortest periodic orbits of the system up to length 5 and

their stabilities, which together with the already known cycle periods (an integer times

the acoustic period) can be plugged into cycle-expansions of trace formulas to compute

averages of physical quantities [19]. All the simulations in this section used the parameters

Pa = 1.26bar, R0 = 20µm, γ = 5/3, and ω/2π = 27kHz. At the above parameters the

return map of V is a unimodal map, and the value of V where the slope is zero in Fig

8.8(f) defines the critical point V ∗. Introducing the following rules, the system can be
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Figure 8.6: Return maps of maximal radii at different values of Pa. The other parameters

are R0 = 20µm, γ = 5/3, and ω/2π = 27kHz.
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Figure 8.7: Bifurcation diagram of ξ for R0 = 20µm, γ = 5/3, and ω/2π = 27kHz.

described by symbolic dynamics with a binary alphabet of symbols {0, 1}.

V (n) =











0 if V (n) < V ∗ (to the left from the critical point),

1 if V (n) > V ∗ (to the right from the critical point).
(8.8)

In this notation the itinerary (S+) of a trajectory starting from the point ζ is given by

an infinite sequence of symbols

S+(ζ) = 1001101000101110100011.... (8.9)

and the itinerary of a prime periodic orbit of length N is labeled

S+(s1s2s3...sN) = (s1s2s3...sN )∞ = s1s2s3...sN si ∈ {0, 1}. (8.10)

To find which periodic orbits are realized by the system one has to generate the

list of all admissible itineraries. This can be done to any chosen finite length of the

itineraries by applying Kneading’s theory (see for instance [58, 3] or Appendix B of [19]).

The condition for the admissibility of an itinerary S+(s1s2s3...sN ) is that its topological

coordinate γ(S+(s1s2s3...sN)) should be less or equal to the topological coordinate of the

itinerary corresponding to the critical point γ(S+(V ∗))

γ(S+(V ∗)) ≥ γ(S+(s1s2s3...sN)) (8.11)
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Figure 8.8: Return maps of bubble radius R (a), (b), (c) and velocity V (d), (e), (f),

stroboscopically sampled at the end of each period. The other parameters are R0 = 20µm,

γ = 5/3, and ω/2π = 27kHz.

The itinerary of the critical point is also called the Kneading sequence and its topological

coordinate the Kneading value. To generate the topological coordinate of an itinerary it

is convenient to replace the binary alphabet {0, 1} by the infinite alphabet

{a1, a2, a3, a4, ....; 0} = {1, 10, 100, 1000, ....; 0}. (8.12)

Using this notation the itinerary S = aiajakal... and its topological coordinate are related

by γ(S) = 0.1i0j1k0l.... For instance the Kneading sequence and the Kneading value of

this particular system are

S+(V ∗) = 10110101011... = a2a1a2a2a2a1...

γ(S+(V ∗)) = 0.11011001101. = 0.12011202120111... (8.13)

For prime periodic orbits the situation is a bit more complicated, because to each of

these orbits there will be N itineraries that are cyclic permutations of each other, where
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N is the period of the orbit. Since all these itineraries will have different values of the

topological coordinate, thus one has to find the maximal among them. Applying the

criterion (8.11) one finds for instance that the itineraries 100 and 101 are inadmissible,

because both γ(100) = 0.111000111000... and γ(101) = 0.110110110110... are greater than

the Kneading value. Table 8.2 lists all admissible itineraries of prime periodic orbits up

to symbol length 6.

Now that we have found which periodic orbits are realized by the system, the next

task is to find their stabilities. The stability of a periodic orbit is given by the eigenvalues

of the corresponding d dimensional Jacobian matrix, which is defined as

J t
i,j =

∂f t
i (x0)

∂xj

i, j ∈ {1, ..d}, (8.14)

where f t
i (x0) is the i-th component of the solution with initial values x0, to the differential

equations describing the dynamical system ẋ = v(x, t) at the time instant t. In our case

d = 2 and ẋ = v(x, t) is represented by equations (8.1). The elements of the Jacobian can

be computed by solving

d

dt
J t

i,j =
2
∑

k=1

Ai,k(x, t)J
t
k,j, Ai,k =

∂vi

∂xk

, (8.15)

along the orbit, with initial conditions J0
i,i = 1 and J0

i,j = 0, where i 6= j. The matrix A

is called the derivative matrix, which is for the system in hand reads

A =





0 1

a21 a22



 (8.16)

n itinerary S γ(S)

1 1 0.10101010101

2 10 0.11001100110

3 - -

4 1011 0.11010010110

5 10110 0.11011001001

5 10111 0.11010110101

6 101110 0.11010011010

6 101111 0.11010100101

Table 8.2: Admissible itineraries and their topological coordinates
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with

a21 = −
1

ρwR2
(Pg − Pf − P0 − Pη − Pσ + Ps)

+
1

ρwR

(

4ηV

R2
+

2σ

R2
−

3γR2Pg

R3 − a3
+
Pa

c
ω cos (ωt)

)

−
9γV Pg

ρwcwR

(

R2(R3 − a3) − R5(1 + γ)

(R3 − a3)2

)

+
3

2

V 2

R2
, (8.17)

a22 = −

(

4η

ρwR2
+

3γR2Pg

ρwcw(R3 − a3)
+

3V

R

)

. (8.18)

The expressions of the pressure terms Pg, Pf , Pη, Pσ and Ps, as a function of the phase

space coordinates and time are already given in equations (8.3) and (8.2). An efficient

way to find periodic orbits is to use the Newton-method sketched below. One starts with

an initial guess x for the location of a fixed point in the Poincaré section, which is in our

case x = (R, V ) at time zero. Then one has to evolve the initial point, together with the

Jacobian, and find their values f(x) and J after an acoustic period. Inserting these into

x
′

= x− (1 − J)−1(x− f(x)), (8.19)

yields the improved guess x
′

. Iterating the routine the guesses converge faster than

exponentially to the right values. In practice this means that for instance if one wishes

to know the coordinates of a fixed point accurate to 10 digits, then it requires around

5-7 iterations, even if the initial guesses are quite rough. A problem can arise if the

Jacobian has an eigenvalue 1 for some reason, because in that case the matrix (1 − J) is

not invertible. There are techniques to overcome such difficulties (see chapter 9. of [19]),

but fortunately in our case we do not have to deal with this problem.

Good starting values can be obtained from n-return maps of the phase space coordinate

V , because a prime orbit of length n will show up as n identical fix points in such maps

(see figure 8.9). Table 8.3 list the prime cycles up to length 5, their stability eigenvalues,

periods, Liapunov exponents, and the coordinates of the fixed point, where the Newton

iteration converged. A part of the orbits is shown in figure 8.10.

The information contained in the stability and period of prime periodic orbits can be

used to calculate global properties, such as Liapunov exponent, or averages of physical

quantities of interest for the particular system. For instance in our case this quantity

can be the concentration of the gas in the liquid Ci, at which the bubble is in diffusive

equilibrium with the surroundings. For stable periodic oscillations this is given by

Ci = C0

∫ T
0 R(t)4Pg(R(t))dt

P0

∫ T
0 R(t)4dt

, (8.20)

where C0 is the constant equilibrium air-concentration at an ambient pressure of 1 bar,

and the integration is done over one acoustic period (see section 3.5 or references [24, 27,
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(a) 1-return map (b) 2-return map

(c) 3-return map (d) 4-return map

Figure 8.9: N-return maps of V. The vertical lines separate spatial regions with different

itineraries. For instance if a trajectory is started from a region marked 010 it means that

initially it was on the left of the 1-return map, in the next step it will be on the right

side, and finally it will end up on the left.

73, 11, 103] for the role of diffusion in bubble dynamics). If the oscillations are chaotic

one have to do the integrals above over a very long time, until the trajectory covers the

whole attractor (figure 8.4). According to [19] the average over the covered part of the

phase space can be rewritten as an average over the unstable periodic orbits.

Before proceeding any further, it is worth to note, that the system satisfies the hyper-
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(e) orbit code: 10110

Figure 8.10: Prime periodic orbits up to topological length of 5 symbols. The pictures

show a blowup of the phase space near the maximal radii.

bolicity assumption (at least in the case of the few studied orbits), which is a requisite

to apply the forthcoming methods. Skipping a lot of details and considerations, (which

n I Λs Λu λ [1/s] R [µm] V [m/s]

1 1 -0.003002373 -1.752777328 15152.4 36.585942554 0.830082401

2 10 −1.65979 · 10−5 -2.757133837 13691.5 36.351426255 2.423921084

3 - - - - - -

4 1011 −2.4 · 10−10 -7.148450714 13276.5 36.226011047 2.654682468

5 10111 1.9 · 10−12 7.393516311 10803.3 36.100765029 2.889400458

5 10110 −2.6 · 10−12 -6.078932905 9746.1 36.084527077 2.926305255

Table 8.3: Stable (Λs) and unstable (Λu) eigenvalues of the Jacobian, Liapunov exponents

(λ = ln(|Λu|)/T ) and the coordinates of the fixed points (R,V) for the itineraries (I) of

the first 5 prime periodic orbits.
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can be found in [19], here we just state that for a bound system with zero escape rate the

phase space average of a time-integrated quantity A can be expressed through an infinite

sum over the properties of the prime periodic orbits

〈A〉 =

′

∑

{p1,p2..pk}

(−1)k+1Ap1
+ Ap2

... + Apk

|Λp1
Λp2

...Λpk
|

(8.21)

where the sum is taken over all distinct non-repeating combinations of prime cycles with

topological length k (k = 1..∞), Λpk
is the expanding eigenvalue of the Jacobian evaluated

along the orbit, and Apk
denotes that the physical quantity is integrated in time over the

orbit period Tpk
(the orbit period is an integer times the acoustic period in our case).

In practice one always uses a truncated version of the above formula, but that still gives

good approximations, since the contribution of cycles diminishes with their topological

length. For convenience the truncated (at topological length 5) version of equation (8.21)

applied for the system at hand is shown below

〈A〉 =
Ap1

|Λp1
|
+

Ap10

|Λp10
|
+

Ap1011

|Λp1011
|
+

Ap10111

|Λp10111
|
+

Ap10110

|Λp10110
|
−
Ap1

+ Ap10

|Λp1
Λp10

|
−
Ap1

+ Ap1011

|Λp1
Λp1011

|
.

(8.22)

The validity of the approximation can be checked by flow conservation sum rules such as

0 = 1 −

′

∑

{p1,p2..pk}

(−1)k+1 1

|Λp1
Λp2

...Λpk
|

(8.23)

which is exact if the sum involves infinite cycles. This formula gives the escape rate of

trajectories, which for a bounded system equals zero. Figure 8.11 shows to what degree

equation (8.23) is satisfied as a function of the truncation. The non-monotonous, and

relatively slow convergence can be attributed to the effect of pruning, since in this case

there is only partial shadowing. For instance there is not any 101-term present which

would almost cancel the contribution of the 1·10-term, thus there is a hump in figure 8.11

at N=3. Another message of this figure is that if one wishes to obtain more accurate

results, than a calculation of a few more cycles is necessary.

8.4 Averages of physical quantities

This section gives the results of applying the method discussed in the previous section for

the dimensionless equilibrium concentration Ci/C0. Water at normal conditions contains

an amount of dissolved air with concentration C0. In experiments one usually sets Ci to

be a fraction of the normal value to achieve equilibrium, otherwise the bubble would grow

from cycle to cycle by rectified diffusion [24, 27, 73, 11, 103]. It is worth to mention that

in the applications the acoustic period is much smaller than the timescale of diffusion. If
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Figure 8.11: The convergence of escape rate to zero, with increasing topological length of

truncation.

this would not hold, one would have to use a modified RP equation which incorporates

diffusion. For convenience equation (8.20) is rewritten as

Ci/C0 =
Ap

Bp

, Ap =
∫ Tp

0
R(t)4Pg(R(t))dt, Bp = P0

∫ Tp

0
R(t)4dt.

(8.24)

The following Table 8.4 contains the values of Ap and Bp obtained for the shortest cycles.

Using the data of Table 8.4, and equation (8.22) the result for the equilibrium con-

centration is

Ci/C0 = 〈A〉 / 〈B〉 = 0.013608. (8.25)

This means that in order to be in diffusive equilibrium with the surrounding liquid the

water has to be de-gassed to 1.36% of its concentration at normal conditions. For stable

oscillations it is customary (and satisfactory) to calculate the above integrals only for

one acoustic cycle, and with initial values R(t = 0) = R0, V (t = 0) = 0. The question

can arise how big an error will one get by applying these rules for the chaotic case. The

n itinerary Ap Bp

1 1 3.65841033 · 10−24 2.77030605 · 10−22

2 10 7.34537247 · 10−24 5.44250936 · 10−22

3 - - -

4 1011 1.46817306 · 10−23 1.08667031 · 10−21

5 10111 1.83675629 · 10−23 1.34201873 · 10−21

5 10110 1.83808564 · 10−23 1.33514417 · 10−21

Table 8.4: The values Ap and Bp integrated along the calculated prime orbits.
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Figure 8.12: Convergence of the physical quantity Ci/C0. Symbols (+) were obtained by

integrating over N periods, and using the initial conditions R(t = 0) = R0, V (t = 0) = 0,

while the symbols (X) stand for making the cycle expansions for the first N orbits. The

horizontal line shows the value obtained by 5 prime cycles.

calculation for Ci/C0 in this case gives 0.0301, showing a considerable difference. This

can be improved if one integrates for many acoustic cycles. In Fig 8.12 the (+) symbols

show the calculations over N acoustic periods, with initial conditions R(t = 0) = R0,

V (t = 0) = 0. The other symbols (X) indicate the convergence of Ci/C0 as the topological

length of the truncation is increased in equation (8.22). It is apparent from the figure

that after 50 acoustic periods the two methods give identical results, and that for a

good approximation it was enough to consider prime cycles up to topological length 5

in the cycle-expansion formula (8.22). One can also check how good an approximation

can be obtained by considering only the first prime periodic orbit. In this case one gets

Ci/C0 = 0.0132, a value fairly close to the one obtained with 5 prime cycles. Even though

the two methods agree in this particular example, it can not be guaranteed in general

that for a quantity which depends differently on R and V, integration over 50 periods will

be sufficient to achieve convergence. Thus if possible it is always better to apply periodic

orbit theory and use cycle-expansion formulas to calculate the physical quantities of a

chaotic system, because the results obtained by this technique converge faster with the

topological length. Another advantage of the method is that once the properties of the

prime periodic orbits are known (period, stability eigenvalue, and the coordinates of the

fixed points) they are readily available for the calculation of other physical quantities.

Thus for each new quantity one has to integrate only over a few prime cycles, instead of

many periods until achieving a steady value.
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8.5 Conclusion

The RP dynamics of a driven gas bubble has been investigated in the stable and chaotic

regime. Concerning period doubling and chaos, the same qualitative behavior was ob-

served as in the previous paper by Lauterborn and Suchla [67] who studied a slightly

different bubble dynamical model and considered much bigger bubbles (R0 ≥ 100µm) .

By scanning a big parameter space, all the transients are found to die out in less than 10

cycles for R0 ≤ 6µm, which implies that at the studied acoustic frequency the solutions

to the RP equation are stable in the whole parameter space of SBSL . This provides a

strong evidence for the assumption that radial RP dynamics is insufficient to explain the

period doubling, quasiperiodic and chaotic behavior observed in the measurements of Holt

et al [50], P. S. Jensen [56], Dam et al [21, 22], and Levinsen et al [70]. By constructing

return maps we showed that at particular values of the parameter Pa the return map is

unimodal, thus binary symbolic dynamics can be used to describe the system. The list

of admissible prime cycles up to symbol length 6 is found by applying Kneading’s theory.

The information contained in the stability and periods of the first few prime cycles can

be used to calculate averages of physical quantities relevant for the system. We show this

on a particular example and find that the time averaged value of this quantity converges

to the value obtained from the truncated cycle expansion formula.
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Chapter 9

Summary

After a brief overview of the phenomenon of single-bubble sonoluminescence and a re-

view of the theoretical aspects relevant for its understanding, we have presented results

of experimental and theoretical investigations in selected areas of the field. The main

experimental results can be summarized as follows.

An acoustic resonator and a system for liquid preparation were designed and developed

that constitute the major parts of the experimental arrangement to produce SBSL in a

controlled and reproducible manner.

A novel experimental approach to deduce important dynamical parameters of SBSL

was presented. These parameters include the pressure amplitude, ambient radius, and the

expansion ratio. The new method is based on a few confirmed theoretical assumptions

and requires the knowledge of the amplitude and frequency of the electric excitation,

the phase of the flashes in the acoustic period and the precise experimental conditions

(ambient temperature, ambient pressure, and the concentration of dissolved gases). In

contrast with the intrusive character of the previous methods that used laser illumination

or back-lighting, the new technique does not involve any disturbing external action in

the measuring process, thus it is also applicable in situations where the conventional

methods would be disturbing or potentially destructive to use (e.g. in spectral or time-

correlated single photon counting measurements). The new method was demonstrated

in a particular example and the results were compared with conventional Mie scattering.

Within the experimental uncertainties these approaches provided similar results.

This new method together with Mie scattering was applied in measurements of phase-

diagrams of air-argon bubbles in water at different gas concentrations. The results provide

an extensive data set for comparison with theoretical models of the onset of parametric

shape instability, upper threshold of SL, and chemical activity. The new method was also

used in measurements of light intensity and spectral shape for several gas concentration

and excitation levels. The measurements of the spectral shape are the first in the literature

of its kind, where all the relevant experimental conditions are presented, which admits

107
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direct comparisons with theories, and the analysis of paparametric dependence of the

spectra. In a wide wavelength interval the shape of the spectra can be very well fitted with

the Planck function. The resulting effective temperatures lie in the range of 12000-18000

K, within the experimental errors independent of the expansion ratio, and decreasing

monotonically with the pressure amplitude. At the same time the light intensity measured

with a PMT increases both with the pressure amplitude and with the expansion ratio.

The theoretical results include the followings. Analytical formulas for the eigen-

frequencies and standing wave patterns of spherical and cylindrical resonators were derived

based on hydrodynamic calculations. The computed resonance frequencies can be used

as good starting values, when these quantities are searched for in experiments.

An equation of motion for the center of mass of the bubble was proposed and solved

numerically at parameter values relevant for SBSL. The results show that the oscillations

of the bubble center of mass around the average levitation position are highly nonlinear,

with an amplitude on the order of nanometers, and the most violent motion occurs near

the instants of minimal radii. The consequence of the translational motion of the bubble

on its shape was analyzed, yielding the result that considerable distortion of sphericity

may occur at the instant of the minimal radius, where also the light is emitted.

Motivated by experimental works that found period doubling, quasi-periodicity and

chaos in the inter-arrival times of the flashes, and period-doubling in the flash intensities,

the equation of motion of the bubble radius was investigated in the spirit of dynamical

systems theory, to search for such a behavior. The necessary condition to observe period

doubling and chaos is identified to be the non-zero amplitude of the bubble’s after-bounces

at the beginning of the next acoustic cycle, which brings memory into the system. Results

show that at the excitation frequency of 27 kHz, in the whole parameter range of SBSL

the dynamics is stable, and period-doubling and chaos can be observed only at parameter

values that are unaccessible due to the earlier onset of shape instabilities. This has lead

to the conclusion that the spherically symmetric Rayleigh-Plesset equation is insufficient

to explain the dynamical behavior observed in the quoted SBSL measurements, however

the subject is still relevant for MBSL at very high frequencies.

Investigations in the chaotic regime showed that for certain parameter values the dy-

namics can be reduced to a unimodal map, and thus at these parameters binary symbolic

dynamics can be used to describe the system. The list of admissible prime cycles up to

symbol length 6 is found by applying Kneading’s theory. The information contained in the

stability and periods of the first few prime cycles is used in a truncated cycle expansion

formula to calculate the average of a relevant physical quantity. Finally the convergence

of the obtained quantity to its time-averaged value has been investigated.



Chapter 10

Összefoglalás

Az egybuborékos szonolumineszcencia jelenségének rövid léırása, és a megértéséhez szüksé-

ges főbb elméleti aspektusok tárgyalását követően a témakör különböző részterületein

elért eredményeimet mutattam be. A ḱısérleti jellegű eredmények röviden összefoglalva a

következőek.

Megterveztem és megéṕıtettem a jelenség reprodukálható előálĺıtásához szükséges

akusztikus rezonátort és kigázośıtó berendezést, amelyek a ḱısérleti összeálĺıtás legfőbb

kereskedelmi forgalomban nem kapható elemei. A jelenség fontos dinamikai paraméterei-

nek, úgymint a nyomásamplitúdó, egyensúlyi sugár, valamint a kitágulási arány mérésére

bevezettem egy újfajta ḱısérleti eljárást. Az új módszer ḱısérletekkel alátámasztott elméleti

megfontolásokra, és egyszerűen mérhető mennyiségek meghatározására épül. Ezek a men-

nyiségek a gerjesztő elektromos jel amplitúdója, a fényfelvillanások perióduson belüli

fázisa, valamint a ḱısérleti körülmények, úgymint a gerjesztő frekvencia, külső hőmérséklet

és nyomás, valamint a folyadékban oldott gázok koncentrációjának a beálĺıtott értéke. Az

eljárás előnye, hogy nem igényel semmilyen külső beavatkozást, ı́gy a korábbi módszerekben

használt szórt lézerfény, vagy háttér megviláǵıtás alkalmazására sincs szükség. Ennek

köszönhetően a módszer olyan ḱısérleti szituációkban is használható, ahol a korábbi

módszerekben használt külső fényforrások zavaróak lennének, vagy mérőberendezés meghi-

básodáshoz vezetnének (például a kibocsátott fény sźınképének a mérésénél, vagy a fényim-

pulzusok hosszát megadó “time-correlated single photon counting” mérésekben). Az

új eljárás gyakorlati alkalmazását egy adott mérésen demonstráltam, majd a kapott

eredményeket összevetettem a hagyományos Mie-szórás seǵıtségével meghatározott értékek-

kel. Az összehasonĺıtásból az a következtetés vonható le, hogy ezek a mérési módszerek

a hozzájuk tartozó hibán belül azonos eredményre vezetnek. Az új módszert és a Mie

szórásos tehnikát közösen alkalmazva megmértem levegő-argon buborékok fázisdiagramjait

v́ızben, különböző oldott gáz koncentrációk esetén. A ḱısérleti eredmények bőséges adathal-

mazt szolgáltatnak az alaki instabilitás felléptét, a szonolumineszcencia felső határát,

valamint a buborék kémiai aktivitását megszabó elméletekkel való összehasonĺıtáshoz.
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Az új módszer seǵıtségével a buborék fényének intenzitására és sźınképének alakjára

vonatkozó méréseket is végeztem különböző gáz koncentrációk és gerjesztési amplitúdók

mellett. A sźınkép mérések egyedülállóak az irodalomban olyan tekintetben, hogy az

eddigiekkel ellentétben minden fontos ḱısérleti paraméter értéke ismert, ami lehetőséget

ad a fénykibocsátás modelljeivel való közvetlen összehasonĺıtásra, valamint vizsgálható a

sźınképek paraméterfüggése is. Az eredmények azt mutatják, hogy egy széles hullámhossz

tartományban a sźınképek alakja igen jól illeszthető a Planck függvénnyel. Az illesztésből

kapott effekt́ıv hőmérsékletek ḱısérleti hibán belül a nyomás amplitúdó növelésével mono-

ton csökkenő trendet mutatva, a kitágulási aránytól függetlenül az 12000-18000 K-es

tartományban mozognak. Ugyanakkor a fény intenzitása a nyomás amplitúdóval, az

egyensúlyi térfogattal normált intenzitás pedig a kitágulási aránnyal együtt növekszik.

Az elméleti jellegű eredmények a következőek. Hidrodinamikai számı́tásokkal gömb és

henger alakú rezonátorok saját frekvenciáit és nyomásállóhullám terét megadó képleteket

vezettem le. Elmondható, hogy a sajátfrekvenciát megadó képlet jól használható a

gyakorlatban ezen mennyiség ḱısérleti meghatározásakor. A buborék tömegközépponti

mozgásának léırására bevezettem egy mozgásegyenletet, és megvizsgáltam ezen egyen-

let numerikus megoldásait a SBSL paraméter tartományában. Az eredmények alapján a

tömegközéppont nemlineáris rezgése a nanométeres hosszskálán zajlik, és a sugár minimális

értékénél a legintenźıvebb. A transzlációs mozgás következtében a buborék gömbszimmetri-

kus alakja jelentősen torzulhat a minimális sugár elérésekor, amikor a fénykibocsátás

is történik. A felvillanások idősoraiban periódus-kettőződést, kváziperiódikus, valamint

kaotikus viselkedést léıró ḱısérletektől ösztönözve megvizsgáltam, hogy megmagyarázható

e ez a viselkedés a buborék sugarát megadó mozgásegyenlet tulajdonságaival. Úgy találtam,

hogy a mozgásegyenletben a periódus-kettőződés illetve a kaotikus viselkedés szükséges

feltétele, hogy a sugár fő összeomlást követő utórezgései ne csillapodjanak le teljesen

a következő periódus kezdetéig. A ḱısérletnek megfelelő 27 kHz-es gerjesztés mellett a

SBSL egész paraméter tartományában stabil a dinamika, és periódus-kettőződés, valamint

káosz csak olyan paraméter értékeknél tapasztalható, amiket a valóságban a buborék

nem vehet fel, mivel még korábban alaki instabilitást szenved. Ezek alapján kimond-

ható, hogy a SBSL ḱısérletekben tapasztalt periódus-kettőződés és káosz magyarázatához

a gömbszimmetrikus Rayleigh-Plesset egyenletnél bonyolultabb modellek megalkotása

szükséges, viszont MBSL esetén nagy frekvenciákon ez az egyszerű modell is releváns lehet.

Az egyenlet megoldásaiból leszűrhető, hogy a kaotikus tartományban egyes paraméterek

esetén a dinamika lópatkó alakú leképezésre redukálható, és ebben az esetben a rendszer

léırására alkalmazható a bináris szimbólikus dinamika. A periódikus pályák elméletét

alkalmazva kiszámoltam egy a rendszer szempontjából releváns fizikai mennyiség átlagértékét,

és végül megvizsgáltam az ı́gy nyert átlagérték és az időátlag konvergenciáját.



Appendix A

Temperature dependence of material

constants

In this appendix we give the temperature dependence of relevant material constants of

pure water, based on the data taken from reference [76]. The graphs presented bellow

are polynomial fits of the tabular data in the temperature range of [0oC..50oC], and

ambient pressure of 1013.25 mbar. The following table lists the mean and the error of the

coefficients of the polynomial fit

Y (T ) = Y0 + Y1T + Y2T
2 + Y3T

3, (A.1)

where Y is the physical quantity of interest and T is the temperature in units of oC.

The notations ρ, c, ν, σ, and Pv stand respectively for density, sound velocity, kinematic

viscosity, surface tension and vapour pressure of water.

Y ρ [kg/m3] c [m/s] ν [m2/s] σ [N/m] Pv [Pa]

Y0 999.85 1403.48 1.791 · 10−6 0.07564 565

Y1 5.5 · 10−2 4.97 −5.7 · 10−8 1.373 · 10−4 63.9

Y2 −7.5 · 10−3 −5.38 · 10−2 1.04 · 10−9 −3.9 · 10−7 -0.26

Y3 3.3 · 10−5 2.06 · 10−4 −7.7 · 10−12 1.0 · 10−9 0.074

∆Y0 ±0.02 ±0.07 ±8 · 10−9 ±2.5 · 10−6 ±11

∆Y1 ±4 · 10−3 ±1 · 10−2 ±1.6 · 10−9 ±5 · 10−7 ±1.9

∆Y2 ±2 · 10−4 ±7 · 10−4 ±8 · 10−11 ±2.5 · 10−8 ±0.09

∆Y3 ±3 · 10−6 ±9 · 10−6 ±1 · 10−12 ±3 · 10−10 ±0.0012

Table A.1: The coefficients of the polynomial fit formula refpolyfit for the relevant material

constants of water

Because of their importance for the subject of SBSL, we also reproduce here the tem-

perature dependence of the mole fraction solubilities (Xl) of argon, oxygen and nitrogen
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Figure A.1: The most relevant material constants of pure water (a,b d-h) and a calculated

quantity that is related to the efficiency of the resonator (c) as a function of temperature.
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in water, at ambient pressure of 1 atm. The follwing formula differs from the original

taken from [76] in the aspect that it gives the temperature dependence in units of [oC]

instead of [100 K].

Xl = exp
(

A+B
100

T + 273.15

)(

T + 273.15

100

)C

(A.2)

The temperature range of the above formula is T = 0 − 75oC, the coefficients A, B and

C are given in the following table A.2.

gas type A B C

Ar -57.6661 74.7627 20.1398

O2 -66.7354 87.4755 24.4526

N2 -67.3877 86.3213 24.7981

Table A.2: The coefficients of the empirical fit formula A.2 for Argon, Oxygen, and

Nitrogen gases
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